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Abstract. In this paper we continue tlie study of free holomorphic functions on the noncommutative 
ball 

[B{nr]i := G Binr ■■ lixix; + + < 

where B{'H) is the algebra of all bounded linear operators on a Hilbcrt space "H, and n = 1, 2, ... or 
n = CO. Several classical results from complex analysis have free analogues in our noncommutative 
setting. 

We prove a maximum principle, a Naimark type representation theorem, and a Vitali convergence 
theorem, for free holomorphic functions with operator-valued coefficients. We introduce the class of free 
holomorphic functions with the radial infimum property and study it in connection with factorizations 
and noncommutative generalizations of some classical inequalities obtained by Schwarz and Harnack. 
The Borel-Caratheodory theorem is extended to our noncommutative setting. 

Using a noncommutative generalization of Schwarz's lemma and basic facts concerning the free holo- 
morphic automorphisms of the noncommutative ball [_B(W)"]i, we obtain an analogue of Julia's lemma 
for free holomorphic functions F : [_B(?i)"]i — » [B{'H)™']\. We also obtain Pick- Julia theorems for free 
holomorphic functions with operator- valued coefficients. 

We provide a noncommutative generalization of a classical inequality due to Lindelof, which turns 
out to be sharper then the noncommutative von Neumann inequality. 

Finally, we introduce a pseudohyperbolic metric on [_B('H)"]i which is invariant under the action of 
the free holomorphic automorphism group of and turns out to be a noncommutative extension 

of the pseudohyperbolic distance on B„ , the open unit ball of C" . In this setting, we obtain a Schwarz- 
Pick type lemma. 

We also provide commutative versions of these results for operator- valued multipliers of the Drury- 
Arveson space. 
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Introduction 

In this paper, we continue our program to develop a noncommutative analytic function theory on 
the unit ball of i3(7i)", where B(TC) is the algebra of all bounded linear operators on a Hilbert space H. 
Initiated in the theory of free holomorphic (resp. pluriharmonic) functions on the unit ball of B{H)^, 
with operator- valued coefficients, has been developed very recently (see [H] , [55] , , [33] , [iS] , [3S] , and 
|47| ) in the attempt to provide a framework for the study of arbitrary n-tuples of operators on a Hilbert 
space. Several classical results from complex analysis, hyperbolic geometry, and interpolation theory have 
free analogues in this noncommutative multivariable setting. Related to our work, we mention the papers 
[20] , [22] . [27] . [28] . and [55], where several aspects of the theory of noncommutative analytic functions 
are considered in various settings. 

To put our work in perspective, we need to set up some notation and recall some definitions. Let F+ be 
the unital free semigroup on n generators gi, . . . , g„ and the identity go- The length of a £ is defined 
by |q;| := if a = 50 and |a| :— k if a — gi^ ■■ ■ gi^ , where ii, . . . ,ik G {1, . . . , n}. If {Xi, . . . , X„) 6 B{TC)", 
we set Xa ■= Xi-^ ■ ■ ■ Xi^, and Xg„ /-h, the identity on TL. 

We defined the algebra -ffbaii of free holomorphic functions on the open operatorial n-ball of radius 
7>0, 

[B{nrh := {(^1, . . . e B{nr : ii^i^: + • • • + Xr,x:f'^ < 7} , 

as the set of all power series X]QeF+ ^q-^q with radius of convergence > 7, i.e., {aa}^^f+ are complex 
numbers with lim supj,_,o2 ( ^ laap)^/^*^ < -• A free holomorphic function on [i?(7i)"]^ is the represen- 

l"l=fc 

tation of an element F e -ffbaii^ on the Hilbert space Ti, that is, the mapping 

00 

[B{nr]^ 3 (Xi,...,X„) H^F(Xi,...,X„) 51 a^^c^Bin), 

k=0 \a\=k 

where the convergence is in the operator norm topology. Due to the fact that a free holomorphic function is 
uniquely determined by its representation on an infinite dimensional Hilbert space, we identify, throughout 
this paper, a free holomorphic function with its representation on a separable infinite dimensional Hilbert 
space. 

We recall that a free holomorphic function F on [B{H)"]i is bounded if ||i^||oo '■— sup ||F(X)|| < 00, 
where the supremum is taken over all X € [B{H)"]i and H is an infinite dimensional Hilbert space. Let 
^baii be the set of all bounded free holomorphic functions and let Abaii be the set of all elements F such 
that the mapping 

[B{nr]i 3 {Xu...,X„)^ FiXi,...,Xn) eB{n) 
has a continuous extension to the closed unit ball [B{T-C)"]i . We showed in [39] that iJ^n and Abaii are 
Banach algebras under pointwise multiplication and the norm |j • ||oo, which can be identified with the 
noncommutative analytic Toeplitz algebra F^ and the noncommutative disc algebra An, respectively. 

In Section 1, we present new results concerning the composition of free holomorphic functions with 
operator-valued coefficients and the behavior of their model boundary functions, which will play an 
important role throughout this paper. 

Fractional maps of the operatorial unit ball [B{£, Q)]^ are due to Siegel [52] and Phillips [30^ (see also 
[57]). We should mention that the noncommutative ball [_B(7i)"]i can be identified with the open unit 
ball of B{H",H), which is one of the infinite-dimensional Cartan domains studied by L. Harris (^19 ). He 
has obtained several results, related to our topic, in the setting of JB* -algebras. We also remark that 
the group of all free holomorphic automorphisms of [B{H)"]i ([3S]), can be identified with a subgroup of 
the group of automorphisms of [B{W' ,H)]i considered by R.S. Phillips [30] (see also [57]). 

Following these ideas, fractional transforms of free holomorphic functions were recently considered 
in [33], [37], and [ID]. In Section 1, we continue to investigate these transforms and work out several 
of their properties. A fractional transform '^a is associated with each strict contraction A = I Aq, 
Ao G B{£, g). We show that ^/a : 5baii(B(f , G)) ^ 5baii(S(£:, G)) defined by 

^a[F] ■.= A-Da'{I-FA*)-^FDa 
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is a homeomorphism of the noncommutative Schur class SbauiB{£, Q)) of all free holomorphic functions 
F on with coefficients in B{£, Q) such that ||i^l|oo < 1- Among other properties, we prove that 

F is inner if and only if its fractional transform vI/aI^"] is inner, and that the model boundary function 

F is in An(E)minB{£, g) if and only if '^a[F] is in A„^TmnB{£, G). 

We mention that the noncommutative Schur class iSbaii(-B(^^, G)) was introduced in [34] in connection 
with a noncommutative von Neumann inequality for row contractions. This class was extended to more 
general settings by Ball-Groenewald-Malakorn (see [5j , ) , and by Muhly-Solel (see [5^, [17], [5S]). The 
Muhly-Solel paper [28] gives an intrinsic characterization for the Schur class Shan{B{£,G)) in terms of 
completely positive kernels, and presents a description of the automorphism group of their Hardy algebra 
H°°{E), which has some overlap with [15] and Theorem 1.3 of the present paper. 

Using fractional transforms and a noncommutative version of Schwarz's lemma [39) . we prove a max- 
imum principle for free holomorphic functions with operator-valued coefficients (see [45J for the scalar 
case). On the other hand, using fractional transforms, the noncommutative Cay ley transforms of [41j . and 
[44] , we obtain results concerning the geometric structure of bounded free holomorphic functions. More 
precisely, we prove that a map F : [i?(7i)"]i B{H)i^minB{£) is a bounded free holomorphic function 
such that ||i^||oo < 1 and ||F(0)|| < 1, if and only if there exist a strict contraction £ B{£), an rt-tuple 
of isometrics {Vi, . . . ,Vn) on a Hilbert space /C, with orthogonal ranges, and an isometry W : £ ^ IC, 
such that 

F={^i^A„oC)iG), 

where C is the noncommutative Cayley transform and G is defined by 

G{Xi, X„) (/ ® W*) [2{I -Xi(E)V{ X„ ® V;,*)"^ - /] (/ ® W) 

for any {Xi, . . . , Xn) G [i?(7i)"]i. In particular, in the scalar case, we obtain a characterization and 
parametrization of all bounded free holomorphic functions on the unit ball [B(7i)"]i. We mention that, 
for the noncommutative polydisc, a representation theorem of the same flavor was obtained in [22] and 

In Section 2, we provide a Vitali type convergence theorem ^U] for uniformly bounded sequences of 
free holomorphic functions with operator-valued coefficients. As a consequence, we show that two free 
holomorphic functions F, G coincide if and only if there exists a sequence {A'-'^^}^^^ C [i3(H)"]i of 
bounded-bellow operators such that lim^^oo 11^^'"' II = and F{A'^'''>) = G{A^'''>) for any /c = 1, 2, . . .. 

In Section 3, we introduce the class of free holomorphic functions with the radial infimum property. A 
function F is in this class if 

liminf inf \\F{rSu . . . ,rSn)x\\ ^ \\F\\^, 

7 — >1 ||2;|| = 1 

where 5*1, . . . , 5„ are the left creation operators on the full Fock space F'^{Hn) with n generators. We 
obtain several characterizations for this class of functions and consider several examples. We show that if 
F is inner and its boundary function F is in the noncommutative disc algebra An then F has the radial 
infimum property. In particular, any free holomorphic automorphism of [B{H)^]i has the property. We 
study the radial infimum property in connection with products, direct sums, and compositions of free 
holomorphic functions. We also show that the class of functions with the radial infimum property is 
invariant under the fractional transforms of Section 1. These results are important in the following 
sections. 

It is well-known that if / G i/°°(D), a bounded analytic function on the open unit disc H) :— {z E C : 
\z\ < 1}, is such that ||/||oo < 1 and 

/(z) = 0(%(z), zeD, 

where 9 is an inner function in the disc algebra A(B) and g is analytic in D, then H^Hoo < 1- If, in 
addition, / G A{D), then g E 74(D). Moreover, if / G A(D) is inner, then so is g. These facts are 
fundamental for the theory of bounded analytic functions (see [9], [T6]). 
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In Section 4, we obtain analogues of these results in the context of free holomorphic functions. Let 
F, 9, and G be free holomorphic functions on [B{H)"]i such that 

F{X) = e{X)G{X), X(e[B{H)"]i. 

Assume that F is bounded with ||i^||cc < 1 and O has the radial infinmm property with ||6||oo = 1- Then 
we prove that UGHoo < 1 and 

F{x)F{xy < e{x)Q{xy, x e [b{h)"]i. 

Moreover, we show that if the boundary functions F and Q are in the noncommutative disc algebra, then 
so is G. When we add the condition that F is inner, then we deduce that G is also inner. In particular, 
if is a bounded free holomorphic function with H-FHoo < 1 and representation 

oo 

= E x^{x,,...,x,,)e[B{nr]i, 

k—rn |a| — 

for some m = 1, 2, . . . , and A^^^ G B{8^ Q)^ then 

F{x)F(xy < X(^[B(nr]i. 

\P\=m 

Consequently, we recover the corresponding version of Schwarz's lemma from |39j and, when m = 1, the 
one from . 

The classical Schwarz's lemma (see [10], [50]) states that if / : D ^ C is a bounded analytic function 
with /(O) = and \f{z)\ < 1 for z £ D, then |/'(0)| < 1 and < \z\ for z e B. Moreover, if 

|/'(0)| = 1 or if \f{z)\ = \z\ for some z 0, then there is a constant c with |c| = 1 such that f{w) = cw 
for any w G B. A faithful generalization of this result is obtained (see Theorem 14.5^ when /, 0, and g are 
free holomorphic functions on [i?(7i)"]i with scalar coefficients such that: 

(i) f{X)=e{X)g[X), X(,[B{Hr]i\ 

(ii) / is bounded with ||/||oo < 1; 

(iii) 9 has the radial infimum property and ||^?||oo — 1- 

In the particular case when n ~ \ and 9[z) — z, we recover the Schwarz's lemma. We remark that 
Schwarz's lemma has been extended to various settings by several authors (e.g. [25], [l^, [4^, [30], [18], 

m. m. m. m)- 

In Section 4, we also obtain noncommutative extensions of Harnack' double inequality (see Theorem 
14. 9p for a class of free holomorphic functions F = I + OF with positive real parts. In the particular case 
when Q{X) — X, we deduce that if is a free holomorphic function on [B{H)"]i with coefficients in 
B(£) such that F(0) = / and 5RF > 0, then 



i + \\x\\ ^ i-\\xi 

The Borel-Caratheodory theorem [53j establishes an upper bound for the modulus of a function on 
the circle = r from bounds for its real (or imaginary) parts on larger circles \z\ — R. More precisely, 
if / is an analytic function for jz] < i? and < r < R, then 

sup |/(z)| < sup 5R/(z) + §^|/(0)|. 

\z\=r R-r\z\=R K-r 

In Section 5, we obtain an analogue of this result for free holomorphic functions (see Theorem 15. 4p . We 
also obtain a Borel-Caratheodory type result for free holomorhic functions which admit factorizations 
F = or, where Q is an inner hmction with the radial infimum property and ||O(0)|| < 1. We show that 
if SRF < / then 

IITOII< Y^^^' xe[B{nrv. 
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Let / : D — > D be a nonconstant analytic function and let zq eH) and wq = /(zq). Pick's theorem [3T] 
(see also [9]) asserts that 

Wo - f{z) zo- z 
l-woJ{z) I-zqz 

for some analytic function g : D — > D. In Section 6, we provide a generalization of Pick's theorem, for 
bounded free holomorphic functions. We show that if F : [B{Ti,)"'']i ^ fr*^*^ holomorphic 

function with |1F(0)11 < 1 and a E B„, then there exists a free holomorphic function F with ||r||oo < 1 
such that 

where $a and ^F{a) £^re the corresponding free holomorphic automorphisms of the noncommutative balls 
and respectively. Consequently, 

We mention that the group Aut{[B{'H)"']i) of all free holomorphic automorphisms of was de- 

termined in [45] , using the theory of characteristic functions for row contractions [33] . We also remark 
that the group of all free holomorphic automorphisms of [B{H)"']i, can be identified with a subgroup of 
the group of automorphisms of [B{Ti." ,H)]i considered by R.S. Phillips [301 (see also [5T|). 

We recall that Julia's lemma [2S] (see also [S]) says that if / : D ^ D is an analytic function and there 
is a sequence {z^} C ID with Zk 1, f{zk) — > 1, and such that ^^- l itl^^ bounded, then / maps each 
disc in D tangent to 9D at 1 into a disc of the same kind. Julia's lemma has been extended to analytic 
functions of a single operator variable by Fan [15j and to the setting of function algebras by Glicksberg 

m- 

Using the above-mentioned noncommutative analogue of Pick's theorem and basic facts concerning 
the involutive free holomorphic automorphisms of [-B(?i)"]i, we obtain a free analogue of Julia's lemma 
(see Theorem I6.3|) . In particular, we prove the following result. 

Let F : [i?(?i)"]i [B{Ti,)"^]i be a free holomorphic function. Let Zk E B„ be such that lim^^oo Zk = 
(1, 0, . . . , 0) G aB„, limfe^oo F{zk) = (1, 0, . . . , 0) G dM,^, and 

hm — — = L < cx). 

fc^oo l-||2:fe||2 

If F := (Fi, . . . , F„0, then L > and 

(/ - Fi(X)*)(/ - F{X)F[Xy)-^(l ~ Fi{X)) < L{I - Xl){I - XX*)-\l - Xi) 
for any X = (Xi, . . . , X„) G [B(H)"]i. Moreover, if < c < 1, then 

Lc 



F(Ec) C E.^, where 7 



1 + Lc - c 



and Ec and E^ are certain noncommutative ellipsoids. A similar result holds if we replace the ellipsoids 
with some noncommutative Korany type regions ([5T]) in the unit ball [-B(7i)"]i (see Corollarv lG.Sp . 

In Section 7, we use fractional transforms and a version of the noncommutative Schwarz's lemma to 
obtain Pick- Julia theorems for free holomorphic functions F with operator-valued coefficients such that 
ll-flloo < 1 (resp. > 0) (see Theorem 17.11 and Theorem 17.2 1) . As a consequence, we obtain a Juha 
type lemma for free holomorphic functions with positive real parts (see Theorem I6.4p . We also provide 
commutative versions of these results for operator-valued multipliers of the Drury-Arveson space (see 
CoroUarv 17. 4p . When n = 1, we recover (with different proofs) the corresponding results obtained by 
Potapov [15] and Ando-Fan [5]. 

In Section 8, we provide a noncommutative extension of a classical result due to Lindelof (see [16j . 
[24]). We prove that if F : [B(H)"]i ^ [BiH)""]^ is a free holomorphic function, then 
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If, in addition, the boundary function of F has its entries in the noncommutative disc algebra An, then 
the inequahty above holds for any X g [i?(7i)"]j~. We remark that if ||F(0)|| < 1, then the inequality 
above is sharper than the noncommutative von Neumann inequality (see [33], [55]). 

In Section 9, we introduce a pseudohyperbolic metric d on [i?(7i)"]i which is invariant under the 
action of the free holomorphic automorphism group of [-B(7i)"]i and turns out to be a noncommutative 
extension of the pseudohyperbolic distance (see [SS]) on B„, the open unit ball of C", i.e., 

dn{z,w) := \\tp:,{w)\\2, z,weMn, 

where is the involutive automorphism of B„ that interchanges and z. We show that 

d(x,y) = tanh5(x,y), x,Ye[B{nr]i, 

where S is the hyperbolic {Poincare- Bergman [7J type) metric on [_B(H)"]i introduced and studied in 
[47] . As a consequence, we obtain a Schwarz-Pick lemma for free holomorphic functions on [B(TL)'^]i 
with operator-valued coefficients, with respect to the pseudohyperbolic metric. More precisely, if _F = 
(Fi, . . . , Fm) and Fj are free holomorphic functions with operator-valued coefficients such that ||i^||oo < 1, 
then 

d{F{X),F{Y)) < d{X,Y), X,Ye [B{nr],. 

It is well-known (see [37], [32], [31.) that if F is a contractive (||F||oo < 1) free holomorphic function 
with coefficients in B{£), then the evaluation map B„ 3 h- » F{z) S B{£) is a contractive operator- 
valued multiplier of the Drury-Arveson space ([13j. [3]). Moreover, any such a contractive multiplier has 
this kind of representation. Due to this reason, several results of the present paper have commutative 
versions for operator- valued multipliers of the Drury-Arveson space. 

It would be interesting to see if the results of this paper can be extended to more general infinite- 
dimensional bounded domains such as the J-B*-algebras of Harris [19] . or the noncommutative domains 
from [48, and [20j . Since our results are based on the power series representation of free holomorphic 
functions we are inclined to believe in a positive answer for the domains considered in [48j and [20j . 



1. Free holomorphic functions: fractional transforms, maximum principle, and 

geometric structure 

In this section, we present results concerning the composition and fractional transforms of free holo- 
morphic functions, and the behavior of their model boundary functions. These results are used to prove 
a maximum principle and a Naimark type representation theorem for free holomorphic functions with 
operator-valued coefficients. 

Let Hn be an n-dimensional complex Hilbert space with orthonormal basis ei, 62, ...,e„, where 
n=l,2,...,orn = oo. We consider the full Fock space of i?„ defined by 

k>l 

where H!^'^ is the (Hilbert) tensor product of k copies of Hn- Define the left (resp. right) creation 
operators Si (resp. Ri), i — 1, . . . , n, acting on F^{Hn) by setting 

SiLp := ei® LP, ipeF^{Hn), 

(resp. Ri(f := <f(^ei, (p G F'^{Hn))- The noncommutative disc algebra An (resp. TZn) is the norm closed 
algebra generated by the left (resp. right) creation operators and the identity. The noncommutative 
analytic Toeplitz algebra F^ (resp. TZ'^) is the weakly closed version of An (resp. TZn)- These algebras 
were introduced in [34] in connection with a noncommutative von Neumann type inequality [56] . and 
have been intensively studied in recent years (see [35], [36], [37], [38], [12], [46], [26], and the references 
therein) . 

We denote := e^^ • • • ® e^^ if a = • • ■ gi^ € F+ and Cgg 1. Note that {£0}^^^+ is an 
orthonormal basis for F'^{Hn)- Let C* [Si, . . . , Sn) be the Cuntz- Toeplitz C*-algebra generated by the left 
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creation operators (see [H]). The noncommutative Poisson transform at T :— (Ti, . . . ,r„) G [i3(7Y)"]j 
is the unital completely contractive linear map Pt : C*{Si, . . . , Sn) B{TL) defined by 

Ft[/] := lim K*Tr{lH ® mr.r, f e C*{Sl, . . . , Sn), 

where the limit exists in the norm topology of B{Ti.). Here, the noncommutative Poisson kernel 

KT,r ■■ n ^T.rU ® F'^{Hn), 0<r<l, 

is defined by 

oo 

Kt,M := 51 E ^'"'^T,,.r> ® e„, he H, 

fe = |0!|=fe 

where Ar^r {In - r'^TiT* r'^T^T*)^/'^ and At := Atj. We recah that 

When T :— (Ti, . . . ,Tn) is a pure row contraction, i.e., SOT- lim X^iaNfc'^a'^Q = 0, then we have 



A; — »oo 



PT[f]^K^{Ivr<»f)KT, /eC*(5i,...,5„) or f e 



where Vt '■= AtH. We refer to [37], [38j, and [46] for more on noncommutative Poisson transforms on 
C*- algebras generated by isometrics. 

Let £, Q be Hilbert spaces and let B{£, Q) be the set of all bounded linear operators from E to Q. A 
map F : [B{'H)'^]^ B{H)<S>minB{£, Q) is a free holomorphic function on [B{T-C)"']^ with coefficients in 
B{£, g) if there exist G B{£, 0), a e F+, such that 

OO 

F{Xi,...,Xn)^Yl A")' 

k=0 \a\ = k 

where the series converges in the operator norm topology for any {Xi, . . . , X„) e [B{H)^]-y. According to 
[35], a power series F := ^ Za represents a free holomorphic function on the open operatorial 



+ 



n-ball of radius 7, with coefficients in B{£,Q), if and only if limsup X]|Q|=fe ^(Q)^(a) 

k — >oo 

also equivalent to the fact that the series 



< i. This is 

— 7 



J2 E ^'"'^a® 

fc=0 |a|=fe 

is convergent in the operator norm topology for any r S [0,7), where Si,. . . ,Sn are the left creation 
operators on the Pock space F^{Hn)- We denote by Hiyg\\{B{£,Q)) the set of all free holomorphic 
functions on the noncommutative ball and coefficients in B{£,Q). Let H^^^{B{£,Q)) denote 

the set of all elements F in ffbaii(-B(5, Q)) such that 

||F||oo ■.= sup\\F{Xi,...,Xn)\\ < «), 

where the supremum is taken over all n-tuples of operators {Xi, . . . ,Xn) £ [i?(7Y)"]i, where Ti is an 
infinite dimensional Hilbert space. 

According to [35] and [H], the noncommutative Hardy space H^i^{B{£,Qj) can be identified to the 
operator space F!^®B{£, Q) (the weakly closed operator space generated by the spatial tensor product), 
where F!^ is the noncommutative analytic Tocplitz algebra. More precisely, a bounded free holomorphic 
function F is uniquely determined by its (model) boundary function F{Si, . . . , Sn) G F^®B{£ , Q) defined 

by ^ ^ 

F = F(5i, ...,Sn).= SOT- lim F{rSi, ...,rSn). 

Moreover, F is the noncommutative Poisson transform of ^(51, S'n) at X := {Xi, . . . , Xn) G [B{TL)"']i, 
i.e., 

F(Xi, ...,Xn) = {Px ® I)[F{Si, ...,Sn)]. 

Similar results hold for bounded free holomorphic functions on the noncommutative ball [B(T-l)"]j, 7 > 0. 
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We recall from [45] some facts concerning the composition of free holomorphic functions with operator- 
valued coefficients. Let $ : [B{'H)"']'y-^ be a free holomorphic function with <i>(X) := 
{^i{X), . . . ,^,n{X)), where $j : [^(H)"]^,! B{H)i»,mnB{y), j = l,...,m, are free holomorphic 
functions with standard representations 

oo 

for some -B|^j g B(y), where a £ F+, j = 1, . . . , m. Assume that 

||$(X)|| <72 for any X e [BiHy%,. 

This is equivalent to 

||$(r5i,...,rS'„)|| <72 for any re[0,7i). 
Let F : [^(/C)™]-^^ B{lC)(§minB{£,Q) be a free holomorphic function with standard representation 

F{Y^,...,Ym):^Yl E {Y^,...,Y„,)e[BilCr],„ 

'==0 ae¥+.,\a\=k 

for some operators A(^a) G B{£, Q), a € F+ . Then it makes sense to define the map F o ^ : [B{H)''^]-y-^ 
B{'H)(E)mi7iB{y)(g)minB{£,g) by setting 

OO 

(Fo$)(Xi,...,X„) ^ <I>„(Xi,...,X„)®Am, (Xi,...,X„)e [5(7^)"]^,, 

where the convergence is in the operator norm topology. We proved in |45| that i^o<i) is a free holomorphic 
function on [B{Ti.)"']i with standard representation 

oo 

(i^o$)(Xi,...,X„) = ^ J2 X,®C(„), 

fe=0 creF+,|cr| = fe 

where 

{C^„)X, y)^^\ {{SI ® Iy®G){F o . . . , r5„)(l ® a;), 1 y) 

for any cr € F+, a: G 3^ (g) and y G 3^ ® 5. Actually, this is a slight extension of the corresponding result 
from |45j. However, the proof is basically the same. 

For simplicity, throughout this paper, [Xi, . . . , A„] denotes either the n-tuple {Xi, . . . , Xn) E B{H)" 
or the operator row matrix [Xi ■ ■ ■ A„] acting from H^"', the direct sum of n copies of a Hilbert space 

H, to n. 

Now, we present new results concerning the composition of bounded free holomorphic functions with 
operator-valued coefficients. 

Theorem 1.1. Let F : [S(/C)'"]^, B{K:)^^inB{£,g) and $ : [B{n)%, [B(H)«)„™-B(y)]" be 
bounded free holomorphic functions such that 

||$(X)||<72 for any Ag[S(H)"]^,. 

Then the boundary function of the bounded free holomorphic function _F o $ satisfies the equation 

= SOT- lim F(r$i, . . . ,r$„). 

Moreover, if F E An^minB{£,Q) and $ := . . . , $,„] is such that € An'S)minB{y), j = 1, . . . ,m, 
and II $ II < 72, then G An®rninB{y (g) £,y (g) G). 
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Proof. Using the fact that a function X i-^ G{X) is free holomorphic on [B{]CY"']^, 7 > 0, if and only 
if the mapping Y ^ G{-^Y) is free holomorphic on [i?(/C)'"]i, we can assume, without loss of generality, 
that 71 = 72 = 1 ■ 

Due to [IS] (see the considerations preceding this theorem), F o $ is a bounded free holomorphic 
function. Let F have the representation 

00 

F(Yi,...,y„0 Fa®A(„), (Fi,...,y™) e [i3(/Cr]i. 

Since F is bounded on [i?(/C)"]i, we have 

\ 1/2 

Given e > and /i G we choose g G N such that 

(1.1) E < 

/3eF+,|/3|>9 

For any x G F'^{Hn), we have 



J2 J2 i^fi{rSi,...,rSn)(g)A(^p^){x(E)h) 

'==«/3eF+,|/3|=fc 



k=q 

00 

^E 

k—q 



[<^p{rSi,...,rSn)®I : \P\ ^ k] 

{x ® h) 









{x (g) h) 


= k 





1/31 = k 



1/2 



<II^IIE E <4A\ 

k=q \/3eF+ ,|/3|=fc / 

for any r G (0, 1). Here we used the fact that [<i>i(r5i, . . . , rS'„), . . . , $„(rS'i, . . . , r5„)] is a contraction 
and, therefore, the operator row matrix [$^(rS'i, . . . , rSn) ® I '■ \(3\ = k] is also a contraction. 

Now denote Fr{Yi^ . . . ,Ym) '■— F{rYi, . . . ,rYm), < r < 1, and note that Fr is a bounded free 
holomorphic function on [i?(/C)"]i/.r. Since the boundary function $ := . . . , $„i] is a row contraction, 
we have 

00 

F,($i,...,$™)=E E ^'"'^a®A„), 
fc=0 CHEF+ ,|a|=fc 

where the convergence is in the operator norm topology. 

Using relation (jl.ip and that [r'^^'^^ / : |/3| = fc] is a row contraction, one can show, as above, that 

E E (r-'^'$/3«>A(0))(a;®/z) <e||x|| 

fc=<? /3GF+ ,|/5| = fc 

for any r G (0, 1). On the other hand, we have 

lim E [{^p{rSi,...,rSn)-r\P\^p)®A(p^]{x®h) = 0. 

/36F+ ,|/3|<A; 

Now, combining this equality with the inequalities above, one can easily deduce that 
(1.2) Yivcl{F o ^){rSi, . . . ,rSn){x ® h) = lim i^(r$i, . . . , r$„)(a; ® /i) 

r — !-l r — !-l 
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for any x G F'^{Hn) and h £ £. Since 

||F(r$i,...,r$,„)|| < II^^IU and ||(^^ o $)(r5i, . . . , r^„)I| < ||i^||^, 
relation (|1.2|) implies 

= SOT- lini F(r$i, . . . , r$„). 

To prove the second part of the theorem, assume that F G An®minB{£, Q)^ ^ := . . . , is in 
-^ixm(^n'§^mm^(3^)), ^nd ||^|| < 1. Since is a free holomorphic function on [5(/C)"']i, 

oo 

is convergent in the operator norm topology. On the other hand, <I>a G ^n®min5(3^)- Consequently, G 
is in Ai'8)miri-B(y ® £,y ®Q). Now, for any e > 0, there exists p G N such that 



E E ® ^(") 

fc=PaeF+ ,|a|=fc 



< e. 



Due to the the noncommutative von Neumann inequality (see [34]), we have 

.,rS'„)0A(„) < 

for any A; G N. Consequently, we have 



E E 

fe=p aeF+ ,|a|=fe 



E E 'J'a^Aa) 



(1.3) ||(Foci>)(r5i,...,r5„)-G|| 



fe=0 



^ [$„(r5i,...,rS'„) ® 

QeF+ ,|a|=fe 



2e 



On the other hand, since $i G An®minB{y), i — 1, . . . ,n, we have 

lim $a(rS'i, . . . ,rS'„) = $Q, a G F;| 



in the operator norm topology. Now, using relation (jl.3p . we deduce that 

Kr$:= lim(Fo$)(rS'i,...,rS'„) = G, 

where the limit is in the operator norm topology. Therefore _F o $ is in An®minB{y ^ £,y ® Q). This 
completes the proof. □ 

Using Theorem ll.li and Theorem 4.1 from f29], we can prove the following result for bounded free 
holomorphic functions with operator-valued coefficients. We recall that a bounded free holomorphic 
function is called inner (resp. outer) if its model boundary function is an isometry (resp. has dense 
range). 

Theorem 1.2. Let F : [B(/C)"]i ^ B(/C)®™„B(f , C?) and $ : [S(7i)"]i [^(7^)]'" be bounded free 
holomorphic functions. Assume that $ = (<I>i, . . . ,<&m) is inner and $i is non-unitary if m = 1. Then 
the following statements hold: 

(a) ||^^o$||^ = II^^IU; 

(b) if F is inner, then F o ^ is inner; 

(c) if F is outer, then F o ^ is outer. 
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Proof. Let $j : [i3(7i)"]i ^ B{Ti,), j = 1, . . . ,m, be free holomorphic functions with scalar coefficients 
and assume that 4> = [<I>i, . . . , $„] is inner, i.e., $ :— . . . , <J>„] is an isometry. According to Theorem 
4.1 from [29], $ is a pure isometry, i.e., 

WOT- hm V = 0. 

k^oo ^ — ^ 

t^eF+ ,|ij|=fc 

Due to the noncommutative Wold-type decomposition for sequences of isometries with orthogonal ranges 
[52] , $ is unitarily equivalent to [Ic ® S[, . . . , Ic S'^] , where S[, . . . , S',^ are the left creation operators 
on the full Fock space F'^{H,n), and £ is a separable Hilbert space. Consequently, there is a unitary 
operator U : F'^{Hn) C (E) F'^{H,n) such that 

= ® 5j)C/, j = l,...,m. 

Hence, if F has the representation 

oo 

F{Yi,...,Y^):^Y. (Yi,...,y™) e [B(/Cni, 

fc=OQeF+,|a|=fe 

we deduce that 

oo 

(C/®/)i^(r$i,...,r$„0 =1] A") 

'==0 QgF+ ,|a|=fe 
\fe=0 QeF+ ,|a|=fe / 

- [/£®F(r5;,...,r5;„)](;7®/). 

Now, using Theorem ll.il we obtain 

{U®I){F^) ^{U®I) fsOT- limF(r$i,...,r$,„) 

V r^l 



(1.4) 



SOT- lim[/£ ® i^(r5;, . . .,rS'J]{U ® I). 



Since the Hilbert space C is separable, SOT- lim.;.^i F(rS'i, ... ,rS';„) = F, and ||F(rS'; , . . . , rS-;^)!! < 
ll^lloo, we also have 

SOT- hm Ic ® F{rS[ , . . . ,rS'^) ^ Ic ® F . 

1 — '1 

Combining the result with relation (|1.4p . we conclude that 

(1.5) {U ®r)F7i = {Ic®F){U ®I). 
Hence, we deduce that 

||Fo$||^ = ll^^llcc^ - \\F\\ - 

Now, if we assume that F is inner, i.e., F*F = I, then relation (jl.Sp implies {Fo^)*Fo^ = L 
Therefore, F o $ is inner. Finally, assume that $ is inner and F is outer, i.e., F has dense range. Using 
again relation (|1.5p . we deduce that F o $ has dense range and, therefore, F o $ is outer. The proof is 
complete. □ 

We recall a few well-known facts (see [S2], [30], [HZ]) about fractional maps on the unit ball 

[B{x,y)]^ ■.= {weB{x,y) \\w\\ < i}, 

where X and y are Hilbert spaces. We denote by [i3(A',^)]i the open ball of strict contractions. Let 
A,B e [B{X,y)]^ be such that P|| < 1 and define 4'a(-B) S B{X,y) by setting 

(1.6) ^'A{B):=A-DA'iI-BA*)-'BDA, 

where Da (/ - A* A)^!"^ and Da* ij - AA*)^/"^. One can show that, for any contractions A,B,Ce 
B{X,y) with \\A\\ < 1, 
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I--i'A{B)-^A{Cy ^DA*{I-BA*)-\l-BC*){I-AC*y'DA', 
I- *a(S)**a(C) = Da{I - B*A)-\I - B*C){I - A*C)-^Da. 

Hence, we deduce that < 1 and < 1 when ||_B|| < 1. Straightforward calculations 
reveal that 

(1.8) ^-^(0)==^, ^a{A)^0, and = B lor any B e [B{X ,y)]^ . 
Consequently, the fractional map a '■ [B{X ,y)Yy [B{X ,y)]^ is a homeomorphism and, moreover, 

^A{[Bix,y)i)^[B{x,y)],. 

Consider the noncommutative Schur class 

5baii(B(£, G)) ■■= {G e H^^,,iBi£, g)) : ||G|U < 1} , 
which can be identified to the unit ball of the operator space F^®B{E, Q). We also use the notation 

SLn{B{£,g)) {G e S^MBi£,g)) : G(0) = 0}. 

Fractional transforms of free holomorphic functions were considered in |43| (see the proof of Theorem 
6.1). In what follows we expand on those ideas and provide new properties. 

Theorem 1.3. Let F : [B{H)"]i B{TL)®rninB{£ ,Q) he a hounded free holomorphic function with 
ll^'lloo < 1 o,nd let F he its model houndary function. For each operator A = I-h ® Aq with Aq G B{£, Q) 
and \\Aq\\ < I, we define the map 

^a[F] : [B(H)"]l ^ B{H)^rmaB{£,g) 

hy setting 

:= A - Da'{I - FA*)-'^FDa. 

Then the following statements hold: 

(i) 'is a bounded free holomorphic function with W'i' a[F]\\oc < 1 md its houndary function has 
the following properties: = ^^AiF), 

I - ^^]^iu\F]* = Da'U - FA*)-^(I - FF*)(I - AF*)-^Da' , 

(1.9) ^J^^J^ 

I - Qf] ^UIF] = DAil - F*A)-\I - F*F){I - A*F)-'Da; 

(ii) for anyXe [B{Hr]i, 

^A[F]iX) = (Fx ® /){*a(F)} = A-Da4I- F{X)A*]-^F{X)Da = ^a[F{X)1 

where Fx is the noncommutative Foisson at X ; 
(in) *^[0] = A, = 0, and -^aV^aW]] = F; 

(iv) A ■ Shan{B{£,g)) Sha.u{B {£ , g)) is a homeomorphism; 

(v) F is inner if and only if a [F] is inner; 

(vi) F is in An'^m.inB{£,g) if and only if'^A[F] is in An®minB{£,g). 

Proof. To prove (i), note that FA* is a bounded free holomorphic function on [i?(7i)"]i and ||FA*||oo < 
\\A\\ < 1. Since the map Y ^ [I ~ Y)~^ is a free holomorphic on [B{lC)]i, Theorem 11.11 implies that 
(/ — FA*)~^ and, consequently, a[F] are bounded free holomorphic functions on [i?(7i)"]i. On the 
other hand, since 

||F||oo = sup \\F{rSi,...,rSn)\\ < 1 

re[0,l) 

and using the properties of the fractional transform 5*^, we deduce that 

\\^A[F]{rSu...,rS,,)\\ = \\^A{F{rSu...,rSr,))\\ < 1 
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for any r £ [0, 1). Hence ||oo < 1- Since is a bounded free holomorphic function, we know (see 

[39] . [44] ) that the boundary function 

F := SOT- Urn F{rSi, rS„) 

exists. Taking into account that ||A|| < 1 and ||F(r5i, . . . ,rSn)\\ < \\F\\ < 1, one can easily see that 

SOT- \m-i{I ~ F{rSi, . . . ,rSn)A*y^ = {I - FA*)-'^ 

and, moreover, 

^4F] = SOT- lim 'fAiFirSi, rS^)) = ^a{F). 

Now, notice that relation ()1.9|) follows from (II. 7p . This proves part (i). 

Using the Poisson representation for bounded free holomorphic functions and the continuity of the 
Poisson transform in the operator norm topology, we obtain 

^A[F]iX) - {Px ® = {Px ® m^^AlF]} 

= A-Da'[I- F{X)A*]-^F{X)Da = 
for any X G [_B(7i)"]i, which proves part (ii). Hence and using relation (jl.Sp . one can deduce (iii). 

Now let us prove item (iv). Let F, Fm G 5baii(5(^, G)) and assume that ||F„j — i^||oo— ^Oasm^oo, 
which is equivalent to \\Fra — F\\ 0. Using the fact that 

11(7 - f;„a)-i - (/ - F*A)-^ < 11(7 - f:^a)-\f^a* - FA*){i - KAr'W 

we deduce that '^A{Fm) — > ^a(-F), as m — > oo. Due to (i), we have 

lim \\^A[Frn]~'i'A[F]\\oo= hm \\^A{Fm)~^AiF)\\=0. 

m — >oo m — >OQ 

Moreover, since 5'yi[^'A[7^]] — F, we deduce that 5"^^ is continuous, as well, in the uniform norm || • ||oo- 

Note that item (v) follows from relation (|1.9p . To prove (vi), we assume that F is in An®minB{£, Q). 
Then, due to [39], F = hm^-^i F{rSi, . . . , rSn) in the operator norm topology. Since ||F(rS'i, . . . , rSn)A* \\ < 
II-FIUII^II < 1, we deduce that 

lim{I ~F{rSi,...,rSn)A*)-^ = {I - FA*)-^ 

and, due to (iv), 

C^] - lim ^A[F]irSi, ...,rS„)^ lim ^AiF{rSu . . .,rS„)) = 4-^(7?) 

r — >1 r — >1 

where the limits are in the operator norm topology. Using again [39], we conclude that VP^lT"] is in 
An^minB{£,G). The converse follows using item (iv) and the fact that = F. Indeed, if 

^a[F] is in An^minB{£,g), then 

^a{^U[F]} = ^^{lim ^A[F]irSu . . . ,r5„)} 
= lim ^A{-^A{F{rSi,...,rSn))} 
= limF{rSi,...,rSn)^F, 

where the limits are in the operator norm topology. Consequently, F is in An®minB{£, G). The proof is 
complete. □ 
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Note that under the conditions of Theorem 11.31 we have 

/ - ■fA[F]{X)^A[F]{xr = Da* [I - F{X)A*]-'[I - F{X)F{xy][I - AF{xy]-^DA', 
I - ^A[F]iXr^A[F]iX) =Da[I- F{XyA]-\l - F{XyF{X)][I - A*F{X)r^DA 
for any X G [i3(7i)"]i. Moreover, we have 

(i) \\F{X)\\ < 1 if and only if < 1; 

(ii) if X G [B{H)"]i, then F{X) is an isometry (resp. co-isometry) if and only if '^a[F]{X) has the 
same property. 

We recah (see [3g, 01]) that if F : ^ B{n)®minB{£,g) is a free holomorphic function with 

coefficients in B{£, g) and Fr{X) F{rX) for any X (Xi, . . . , X„) e r e (0, 1), then Fr 

is free holomorphic on [i?(7i)"]i/,, ^nd 

||F.||oo= sup ||^^(X)||= sup \\F{X)\\^\\F{rSi,...,rSn)l 

||X||<r 11-^11='- 

where 5*1, . . . ,Sn are the left creation operators. Moreover, the map [0, 1) 9 r ^ ll^r||oo is increasing. 

This result can be improved for free holomorphic functions with scalar coefficients. We recall that, in 
|45j , we proved a maximum principle for free holomorphic functions on the noncommutative ball [i?(7i)"] i , 
with scalar coefficients. More precisely, we showed that if / : [5(7^)"] i — *■ B{'H) is a free holomorphic 
function and there exists Xq G [-B(H)"]i such that ||/(Xo)|| > \\f{X)\\ for any X e the / must 

be a constant. As a consequence of this principle and the noncommutative von Neumann inequality, one 
can easily obtain the following. 

Proposition 1.4. Let f : [_B(7i)"]i ^ B{7i) be a non- constant free holomorphic function with ||/||oo < 1- 
Then the following statements hold: 

(i) \\fiX,,...,X„)\\<l for any iX,,...,X„) £ 

(ii) the map [0, 1) 9 r i— > ||/r||oo is strictly increasing. 

Proof. The first part follows immediately from the maximum principle for free holomorphic functions on 
the noncommutative ball [i3(?i)"]i. To prove the second part, let < ri < r2 < 1. We recall that, if 
r G [0, 1), then the boundary function fr is in the noncommutative disc algebra An and ||/r||oc> = ||/r|| = 
\\fr{Si, . . .,rSn)\\. Applying part (i) to fr^ and (Xi, . . . ,X„) := (rr-S'i, . . . , 9-Sn), we obtain 



\fri lloo — ||/ri('S'l, . . • , Sn) 



fr-2 ( S\, . . . , Sn 
f2 r2 



< \\frASu...,Sn)\\^\\fr. 



which completes the proof. □ 

Now, using fractional transforms, and the noncommutative version of Schwarz's lemma [39], we extend 
the maximum principle to free holomorphic functions with operator-valued coefficients. 

Theorem 1.5. Let F : [B{Hy^]i B{H)<E)minB{£,Q) be a bounded free holomorphic function with 
||F(0)|| < ||-F||oo. Then there is no Xq G [B(ny]i such that 

\\F{Xo)\\ - ||F|U. 

Proof. Without loss of generality, we can assume that ||i^||oo — 1- Set A := F{0) and let G :~ 

Due to Theorem II. 3[ G is a bounded free holomorphic fonction with ||G||oo < 1 and G(0) = ^'^(A) = 0. 

Applying the noncommutative Schwarz lemma (see [39]), we obtain 

||G(X)|| = ||*^(i^(x))|| < 11X11 < 1, xe [s(H)"]i. 

Using again Theorem II. 31 we have ('5^ o ^'^)[F] = F and, therefore, 

\\Fix)\\<i^\\F\U xe[B{nr],. 

The proof is complete. □ 
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We need to make a few remarks, which are familiar in the case n = 1 (see [54]). First, we recall (see 
[45] ) that in the scalar case, £ = Q = C, ii f : [B{7i)'"']i B{H) is a free holomorphic function and 
ll/lloo = 1/(0)1, then / must be a constant. On the other hand, if F is not a scalar free holomorphic 
function and ||-F||oo — \\F{0)\\, then Theorem 11.51 fails . Indeed, take £ = Q ^ C'^, and 



Fix) 



I 

gix)\ 

where g is a scalar free holomorphic function with ||(7(X)|j < 1 for X = (Xi, . . . ,Xn) G [i?(7i)"]i (for 
example, g{X) = a e F+ with |a| > 1). Note that \\F{X)\\ = 1 = \\F{0)\\ for any X e [B(7^)"]i. 

We also mention that, if ||-Fl|oo = 1 and F(0) is an isometry, then F must be a constant. Indeed, if F 
has the representation f{X) = X^fcLo J2\a\=k-^a ® ^(a), then, due to [4^, we have 

^ A-) < ^ - ^^(0)*F(0) for fc = 1, 2, . . . . 

\a\=k 

Hence, we deduce our assertion. 

Using Theorem II. 5 [ one can prove the following result. Since the proof is similar to that of Proposition 
1.41 we shall omit it. 



Corollary 1.6. Let F : [B{Ti.)"']i ^ B{Ti.)()S)minB{£,G) be a bounded free holomorphic function with 
\\F\\^ < 1 and ||F(0)|| < 1. Then 

\\F{X)\\ < \\F\\^ for any X e [B{n)'"]i. 

If F{0) = 0, then the map [0, 1) 3 r ^ ||-Fr||oo is strictly increasing. 

We remark that, in general, under the conditions of Corollarv ll.61 but without the condition F{0) — 0, 
the map [0, 1) 3 r t-^ H^rlioo is not necessarily strictly increasing. Indeed, take 



F{Xi, . . . , X„ 



\I 

\x. 



and note that ||-F||co = ^ and 




\\F{rS^,.. 

Denote by -ffbaii(^(^)) ^"^^^ holomorphic functions / on the noncommutative ball [i3(H)"]i 

with coefficients in B{£), where £" is a separable Hilbert space, such that K/ > 0, where 

(^F)iX) := F{Xr+FiX) ^ ^ ^ [BiHTh. 

Let [ffbaii(-B(f))]'"^ denote the set of all bounded free holomorphic functions on [i?(7i)"]i with rep- 
resentation F{Xi, . . . , Xn) = X]agF+ ^(a) ® "'^a such that — ^(o) is an invertible operator in B{£). 
According to [41] , the noncommutative Cayley transform defined by 

C[F] := [F-l][l + F]-i 

is a bijection between ^^baii(-^('^)) ^^^'^ ^^'^ ^^^^ ['^baii(-S(^))]'"^- this case, we have 

e-^[G] = [I + G][I-G]-\ 

Consider also the set 

H+(S(f )) {/ G „(B(£)) : /(O) = /} . 
Now, we recall that the restriction to H^(i?(f )) of the noncommutative Cayley transform is a bijection 
C : lii{B{£)) — > S^aiii^i^))' where the noncommutative Schur class '5^aii(^('^)) "^as introduced before 
Theorem 11.31 

Using fractional transforms, we can prove the following theorem concerning the structure of bounded 
free holomorphic functions. 
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Theorem 1.7. A map F : — > B{7i)®rninB[£) is a hounded free holomorphic function such 
that ||i^l|oo < 1 and ||i<"(0)|| < 1, if and only if there exist a strict contraction Aq G B{£), an n-tuple of 
isometrics (Vi, . . . , Vn) on a Hilbert space JC, with orthogonal ranges, and an isometry W : £ ^ JC, such 
that 

F={^i^AooC)[G], 
where C is the noncommutative Cayley transform and G is defined by 

G{Xi, ...,Xn)^{I(E> W*) [2{I -Xir^V{ X„ V*)-^ - /] (/ ® W) 

for any X --{Xi,.. . ,X„) £ [B{n)"]i. In this case, F{0) = / ® Aq. 

Proof. Let F : [_B(7i)"]i ^ B{'H)®„iinB{£) be a bounded free holomorphic function with ||i^||oo < 1 
and ||i^(0)|| < 1. Then F £ 5baii(B(f)) and, due to Theorem O *f(o)[^] £ S^e,uiB{£)). Since 
the noncommutative Cayley transform C : H^(i?(f )) '^baui^i^)) ^ bijection, we deduce that 

According to [44], a free holomorphic function G is in 'H.f{B{£)), i.e., G(0) = / and KG > 0, if and 
only if there exists an n-tuple of isometrics (Vi, . . . ,Vn) on a Hilbert space IC, with orthogonal ranges, 
and an isometry W : E ^ K. such that 

G{Xi, ...,Xn) = {I® W*) [2(7 ~Xi®V* X„ ® V*)-^ W). 

This completes the proof. □ 

We remark that, in the scalar case, i.e., £ = C, due to the maximum principle for free holomorphic 
functions, any nonconstant free holomorphic function / such that ||/||oo < 1, bas the property that 
1/(0)1 < 1. Therefore, we can apply Theorem 11.71 and obtain a characterization and a parametrization of 
all bounded free holomorphic functions on [B{TL)^]i. 



2. VlTALI CONVERGENCE AND IDENTITY THEOREM FOR FREE HOLOMORPHIC FUNCTIONS 

In this section, we provide a Vitali type convergence theorem for uniformly bounded sequences of free 
holomorphic functions with operator-valued coefficients. 

Theorem 2.1. Let {-F'm}m=i ^ uniformly bounded sequence of free holomorphic functions on [_B(7i)"]i 
with coefficients in B{£). Let {^^'^-'l^^ [-^(^)"]i sequence of operators with the following prop- 
erties: 

(i) A^'^^ is bounded below, for each fc = 1, 2, . . . ; 

(ii) limfc^^||AW|| =0; 

(iii) limm^oo F„i{A^^'^) exists in the operator norm topology, for each k = 1,2, . . .. 

Then there exists a free holomorphic function F on [i?(7Y)"]i with coefficients in B{£) such that Fm 
converges to F uniformly on any closed ball [i?(7i)"]7, ^ [0, 1). 



Proof. For each m — 1,2,..., let F,„ have the representation 

oo 

Fm 

{Xi, . . . , Xn) — ^ ^ Xa 

k=0 \a\=k 



(m) 
(a) ' 



where the series converges in the operator norm topology for any X — {Xi, 
M > be such that ||-F;n(X)|| < M for any X £ [5(H)"] i and m = 1, 2, . . . 
estimation of Theorem 2.1 from we have 



(2.1) 



l"l=i 



1/2 



..,X„) e [Binn. Let 
Due to the Cauchy type 



< M, for any m — 1,2,..., and j — 0, 1, 
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Since — i^m(0)|| < 2M for X G [B{H)"]i, the Schwarz type result for free holomorphic functions 

|39j implies 

for any m, k ~ 1,2, . . .. Hence, we deduce that 

Since hm/c^oo H^^*^^!! — and linim^oo ^m(^^'^^) exists in the operator norm topology, for each k — 
1,2,.. ., we deduce that C(q) := lim„j^oo C^^^ exists. 



(0) 

Let Ffn.Q ■= and note that 



where 



and 



i = 1, . . . ,n. 



J = l \l3\=j 

By induction over g — 0, 1, 2, . . ., we can easily prove that 

E Cia) = [Xp h ■■ |/3| = q]F,n,q{X), 

|a|>9 

where 



Fm,q{X) 



Fm}q{X) 



and 



(X) := In ® C[;^ + E E ^7 ® C[;^) for 1/31 = q. 

J = l |7|=J 

Now, note that, for each i = 1, . . . , n, we have 



Fj^;l (X) =Ih® C^l + [X,(Sl£,...,Xn^Ie] 
Consequently, we have 



~,(m) 



f!^T\x) 



F^T\X)\ 



(2.2) 



Fm,l{X) 



+ {[Xi®l£,...,Xn®l£]® /c"i )Fra.2{X). 



where A'^i ;= n. One can easily prove by induction over q = 0, 1, . . . that 



(2.3) 



Fm,q{X) — 



{my 

{13) 



{[Xi ®Ie,...,Xn®l£]® IcN,)Fm,q+l{X) 



for any X e [S(H)"]i and m = 1, 2, . . ., where iV, := card{/3 e F+ 
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In what follows we prove by induction over p = 0, 1, . . . the following statements: 



(a) lim Fm.p{A^''^) exists in the operator norm topology, for each k — 1,2, . . 

(b) ''\\F,r^p{X)\\ <{p+ 1)M for any X G [B{n)"]i and m = 1, 2, . . . ; 



(c) 
(d) 



C(/3) 



P 



lim„ 



(/3) 
P 

' c, 



(m) - 

(/3) 



<{p + 2)Mp(''') II for any fc, m = 1, 2, . . . 
exists in the operator norm topology. 



Assume that these relations hold for p = q. Using relation (12. 3|) when X = A^'''> and taking into account 
(a) and (d) (whenp = g), we deduce that the sequence {(A^^^ ^-^S0C"'3+'^ )-^m,<2+i(^''^^)}m'=i is convergent 
in the operator norm topology and, consequently, a Cauchy sequence. On the other hand, since IS 
bounded below, there exists C > such that ||A('^'y|| > C\\y\\ for any y e This implies that 

q+1 )Pm,q+l 



> C 



-^m.,q-\-l 



for any x ^Ti.® £ ® C^«+i and m,t ^ 1,2,.... Hence, we deduce that {Fm,q+iiA'^'''>)}^^i is a Cauchy 
sequence and, therefore, hm„i^oo ^m,g+i(^^'^^) exists. 

Now, due to relation (12. 1|) and (b), we have 





'In ® eg;'" 




Fm.,q{X) — 






- I/3|=9 - 





<iq + 2)M, Xe[BiHr]i- 
Using relation (|2.2p and the noncommutatice Schwarz lemma, we obtain 



for any X G which implies 





'In ® C^S^" 




Pm,q{X) — 






- |/3|=g . 





< (g + 2)Af||X|| 



\\F^,q+i{X)\\ < {q + 2)M. 



Hence and using again (|2.ip . we obtain 



F, 



m,g+l 



,l/?l = 9 + 1. 



< {q + 3)M 



for any X G [i?(7i)"]i. Once again, applying the Schawarz lemma for free holomorphic functions, we 
deduce that 



F 



m,g+l 



9+1. 



< (q + 3)M||A«|| 
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for any fc,m = l,2,..., which is condition (c), when p = q + I. Now, note that 



< 



c, 



is) ■ 

(/3) 

q + \ 



c: 



(m) 



for any k,s,m = 1,2,.... Since {F„j_g+i(yl(''))}5^^;^ is a Cauchy sequence and hnife^oo ll^'^'^^ll = 0, we 
deduce condition (d) when p — q + 1, i.e.. 



C(/3) 








:— hm 


.1/^1 =9 + 1. 


m — >oo 


.1/31 =9 + 1. 



exists in the operator norm topology. This concludes our proof by induction. 
Now, due to (|2.ip . we deduce that 



1/2 



< Af, 



for any j = 0, 1, . . . , 

E|a|=fe ^{a)^(a) < 1' Consequently, the mapping F{X) := Y1T=Q S|a|=j <- 



which implies lim sup 

k — *oo 

C(q) is a free holomorphic function on [i3(7-^)"]i with coefficients in B{£). If ||X|| < r < 1, then we have 



p-i 

|F„(X)-F(X)||<^ 



i"i=j 



E 



^E 

J=0 



(m) 
(a) 



(a) 



|a| = J 



C. 



(m) 



(a) " ^(a) 
|a| = J . 



E^ 

3=P 



2M- 



Hence and due to relation (d), we deduce that \\Fm{X) — F{X)\ 
X e r G [0, 1). The proof is complete. 



0, as m — > oo, uniformly for 

□ 



Corollary 2.2. Let F, G he free holomorphic functions on [i?(7-^)"]i with coefficients in B{£). If there 
exists a sequence {A'^'^^j^j^ C [i?(7i)"]i of bounded bellow operators such that limfc^oo ll^^'^^ll = and 
F{A^^^) = G(AW) for any fc = 1, 2, . . then F 

Proof. When F and G are bounded on [i3(7i)"]i, we can apply Theorem l2.1l to the sequence F,G, F,G, . . ., 
and deduce that F ^ G. Otherwise, let r € (0, 1) be such that \\A^''')\\ < r and consider Fr{X) := F{rX) 
and Gr{X) :— G{rX) for X £ [i3(7i)"]i. Since and Gr are bounded free holomorphic functions on 
[B{n)"]i and 

Frir-^A'^''^) = FCAC--)) = G{A^''^) = Grir'^A'^''^) 

we can apply the first part of the proof and deduce that Fr — Gr- Consequently, F{rSi, . . . ,rS'„) = 
G{rSi, . . . , rSn), where 5*1, . . . , S'„ are the left creation operators. Hence F — G. □ 

Remark 2.3. Theorem \2. 1\ fails if the operators A^*^-* are not bounded bellow. 
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Proof. Let m = 2, 3, . . ., and consider the sequence of strict row contractions 



nWrr 



fc= 1,2,. 



where 5*1, . . . ,S'„ are the left creation operators and Vm-i is the subspace of F'^{Hn) spanned by the 
vectors Cq,, with a G F+ and |a| < m — 1. Let F and G be any free holomorphic functions on [B{Ti.)'"']i 
such that F{X) — G{X) ~ Xp for some /3 e F+ with = to. Since Aq*''' ~ for |q:| > to, we have 

and limfc_oo || ^^''^ || = 0. However, F 7^ G. □ 

We should mention that in the particular case when n = 1, 5 = C, and {A^'^)} is a sequence of 
invertible strict contractions, we recover the corresponding results obtained by Fan [14] . 



3. Free holomorphic functions with the radial infimum property 

We introduce the class of free holomorphic functions with the radial infimum property, obtain several 
characterizations, and consider several examples We study the radial infimum property in connection 
with products, direct sums, and compositions of free holomorphic functions. We also show that the class 
of functions with the radial infimum property is invariant under the fractional transforms of Section 1. 
These results are important in the following sections. 

Let F : [B{H)"']i — > B{H)<S)minB{£,Q) be a bounded free holomorphic function on [B{'H)"']i. Due to 
[39] and [44], the model boundary function 

. . . , Sn) SOT- lim F(r5i, . . . ,r5„) 

exists, and F has the radial supremum property^ i.e., 

lim sup \\FirSi,...,rSn)x\\ = \\F\\^. 

•^^1 \\x\\=l 

We introduce now the class of free holomorphic functions with the radial infimum property. We say 
that F has the radial infimum property if 

liminf inf \\F{rSi, . . . ,rSn)x\\ = \\F\U 

r^l ||a:|| = l 

Proposition 3.1. If F : — > B{7i)<E)minB{£ ,G) is a bounded free holomorphic function with the 
radial infimum property such that ||-F||oo = 1, then F is inner. 

Proof. We have to show that the boundary function F{Si, . . . , Sn) is an isometry. To this end, denote 

fi{r):= inf \\F{rSu . . . ,rSn)x\\ for re [0,1). 

||x|| — 1 

Due to the noncommutative von Neumann inequahty, we have 

< \\F{rS, rS,M < ||^(^^^^ ^^^^)|, < ||^|,^ 

lly|| 

for any y G F'^(Hn) ^ £, y and r G [0, 1). Taking into account that liminf,.^i /i(r) = ||F||oo, we 
deduce that lim,.^i \\F{rSi, . . . ,rS'„)?;|| = ||y||. Since ^(5"!, . . . ,S'„) := SOT-lim^^i F(r5i, . . . ,rS'„), it 
is clear that ||F(S'i, . . . , Sn)y\\ = \\y\\ for any y G F'^{Hn) ®£, which Shows that F is inner and completes 
the proof. □ 

Now, we present several characterizations for free holomorphic functions with the radial infimum 
property. 

Theorem 3.2. Let F : [i?(7-^)"]i B{H)(^minB{£,Q) be a bounded free holomorphic function with 
I 1 1 00 = 1- Then the following statements are equivalent. 

(i) F has the radial infimum property. 
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(ii) lim inf \\F{rSi, . . . ,rSn)x\\ = 1. 

'I — >1 ||2;||=1 

(iii) For every e G (0, 1) there is S E (0, 1) such that 

Fir Si, . . .,rSnTFirSi, . . .,rSn) > (1 - e)I for any r £ (S, 1). 

(iv) There exist constants c(r) G (0, 1], r G (0, 1), with linir^i c(r) = 1 such that 

Fir Si, rSnTFirSi, ...,rSn)> c{r)I. 

(v) There is S € (0, 1) such that F{rSi, . . . , rSn)* F{rSi, . . . , rSn) is invertible for any r £ (3,1) and 



lim 



[F{rSi,...,rS,,yF{rSi,...,rS„ 



= 1. 



Proof. The equivalence of (i) with (ii) is clear if one takes into account the inequality 

\\F{rSi,...,rSn)\\ < \\F\\o,, re [0,1). 

Since the equivalence of (ii) with (iii) is straightforward, we leave it the the reader. To prove the 
implication (ii) (iv), define 

Mr):= inf ||F(r5i,...,r^„)a;||, re[0,l), 

1 1 1 1 — 1 

and note that < /i(r) < \\F{rSi, . . .,rS„)\\ < \\F\\ao = 1 and 

\\F{rSi,...,rSn)x\\>fiir)\\x\\ for any x e F^{H.^) £. 
Since the latter inequality is equivalent to 

FirSi, rSnTFirSi, ...,rSn)> fi{r)^I, 
if (ii) holds, then limr^i /i(r) = 1 and (iv) follows. Conversely, assume that (iv) holds. Then we have 

\\F{rSi,...,rSn)x\\^ >cir)\\x\\^ for any xeF^{H,,)^£, 

which implies 

c(r)i/2 < inf ||F(r5i,...,r^„)a;|| < \\F{rSi, . . . ,rS„)\\ < |1F|U = 1. 

Since lim^^i c(r) = 1, we deduce item (ii). 

It remains to prove that (iv) (w). First, assume that condition (iv) holds. Note that the inequality 

(3.1) F{rSi,...,rS^rF{rSi,...,rS^)>c{r)I 
is equivalent to 

(3.2) \\F{rSi,...,rSnyFirSi,...,rSn)x\\>cir)\\x\\ for any x £ F^{Hn) d) £■ 
Indeed, if ()3.ip holds, then 

\\F{rSi, rSnTF{rSi, rSn)x\\ \\x\\ > {F{rSi, rSr,)*F{rSi, rSn)x, x) > c(r)||a;f , 
which proves one implication. Conversely, if ()3.2p holds, then, by squaring, we deduce that 

[F{rSi, rSnTFirSi, . . .,rSn)]'' > c{rfl. 
Hence, we obtain relation (|3.ip . Now, denote 

(3.3) d{r):= ini \\F{rSi,...,rSn)*F{rSi,...,rSn)x\\, re(0,l), 

and note that < c(r) < d{r) < 1. Hence, using (|3.2p and condition (iv), we deduce that the positive 
operator F{rSi, . . . , rSn)* F{rSi, . . . , rSn) is invertible and 

4t > \\[F{rSu . . . ,rS^rF{rSu . . . ,rSn)]-'\\ = > 1. 
c(r) d(r) 
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Since linir^ i c(r) = 1, we obtain item (v). Conversely, assume now that condition (v) holds. Since 
|[F(r5i, . . . , rSn)* F{rSi, . . . , rSn)]~^\\ = ^j^, where d{r) is given by ()3.3|) . we have lim^^i d{r) = 1 On 
the other hand, due to (|3.3p . we also have 

\\FirSi, . . . ,rSnT F{rSi, . . . ,rSn)x\\ > d{r)\\x\\ for any x G F\H,,)®£, 

which, as proved above, is equivalent to F{rSi, . . . , rSn)* F{rSi, . . . , rSn) > d{r)L Since lim^^i d{r) = 1, 
we deduce (iv) and complete the proof. □ 

Now we consider several examples of bounded free holomorphic functions with the radial infimum 
property. Another notation is necessary. If li;,7 G F+, we say that a; > 7 if there is cr € F+ such that 

UJ — 7(T. 

Example 3.3. Let ^(a) G B{£,Q) and let F,G,^p he free holomorphic Junction on [i?(7i)"]i having the 
following forms: 

(i) F{Xi,...,X,,)^Y.\o.\=mXc.®A(o.),whereY.\c.\=mKAc,^h and men; 

(ii) G(Xi,...,X„) = ELiE|/3|=fe,/3>g,^/3 ® A/3)' "'^ere Y2=iY.\(}\=k,p>g,%)At3) ^ I ('^d 
51, ... , gn are the generators of the free semigroup F+; 

(iii) ip{Xi, . . . ,Xn) = I]felo a.kX2Xi, where at G C with X^felo l^/^l^ = ^■ 
Then, F, G, have the radial infimum property. 

Proof. Since S'i,...,S'„ satisfy the relation S*Si = SijI for i,j = one can easily see that 

{S'a}|a|=m is a sequence of isometrics with orthogonal ranges. Consequently, we have 

F{rSi, . . .,rSnrF{rSu . . .,rSn) = r™/. 

Applying Theorem 13 ■2( we deduce that F has the radial infimum property. Similarly, one can prove that 

n 

G{rSi,...,rS.nrG{rSi,...,rSn)^J2 E A/3) A/3) 

k=l \l3\=k,0>gk 
n 

>-'"E E A/3) A.) = 

k=l \p\=k,l3>gk 

Consequently, G has the radial infimum property. Finally, note that {S'2»S'i}^o ^ sequence of isometries 
with orthogonal ranges and, consequently 

oo oo 

^{rSu . . . ,r5„)V(r5i, . . . ,r^„) = ^ r^'^jafep < ^ \a^\^ = l. 

k=0 k=l 

Hence (p is a bounded free holomorphic function and, taking into account that lim r^ X^fc^o '"^'^l^fcP = 1, 

r — >1 

Theorem 13.21 shows that ip has the radial infimum property. □ 

Proposition 3.4. If F,G are bounded free holomorphic functions with the radial infimum property, then 

\F O" 

so is their product FG. If, in addition, ||i^||oo — ||G||oo7 then ^ 



has the radial infimum property. 



Proof. Without loss of generality, one can assume that ||-F||oo = ||G||oo — 1- According to Theorem 13.21 
there exist constants c(r), d{r) £ (0, 1], r G (0, 1), with lim c(r) — lim d{r) — 1 such that 

r — >1 r — >1 

F{rSi, . . . ,r5„)*F(r5i, ...,rSn)> c{r)I and G{rSi, . . .,rSnyG{rSi, . . . ,r5„) > c(r)/. 

Hence, we deduce that 

G{rSi, . . . ,r5„)*F(r5i, . . . , r5„)*F(r5i, . . . ,r5„)G(r5i, . . . ,r5„) > c{r)d{r)I. 

Applying again Theorem 13. 2| we conclude that the product FG has the radial infimum property. To 
prove the second part of this proposition, note that 

'F{rSi,...,rSnrF{rSi,...,rSr.) 



G{rSi,...,rS„)*G{rSi,...,rS„) 



> min{c(r), d{r)}I 
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and lim min{c(r), d{r)} = 1. Applying again Theorem 13.21 we complete the proof. □ 

The next result will provide several classes of free holomorphic functions with the radial infimum 
property. 

Theorem 3.5. Let F : [B{'H)'^]i — > B(TC)®minB{£,Q) be a bounded free holomorphic function, and let 
ip : [i?(7i)"]i — * be o-n inner free holomorphic function . Then the following statements hold. 

(i) If F is inner and F £ Arn^minB{£,Q), then F has the radial infimum property. 

(ii) If F is inner, F £ Am'S)rmnB{£,g), and ip = (^i,...,^,„) is in An'SirmnB{C™ ,C) with pi 
non-unitary if m ~ 1, then the composition F o ip has the radial infimum property. 

(iii) If F has the radial infimum property and ip is homogeneous of degree q > 1, then Fop has the 
radial infimum property. 

(iv) If A := I (i) Aq, Aq € B{£, Q), with \\Aq\\ < 1, then F has the the radial infimum property if and 
only if the fractional transform [F] has the radial infimum property. 

Proof. According to the model boundary function F is the limit of F{rS[, . . . , rS'^) in the operator 
norm, as r — > 1, where S[, . . . , S'^ are the left creation operators on the full Fock space F'^{H„i), with m 
generators. Consequently, for any e G (0, 1) there exists 5 £ (0, 1) such that 

\\F{rS[, . . .,rS'J - F|| < e for any r £ (S, 1). 
Hence, and due to the fact that F is an isometry, we deduce that, for any r £ {S, 1) and x £ F^{IIm) ®£, 
{F{rS[,. . .ATHrSl. . . ,rS'^)x,x)"^ = \\F{rS[, rS'^)\\ 

> \\Fx\\-\\FirSl...,rS'J-Fx\\ 
>\\x\\-e\\x\\ = il-e)\\x\\. 

Consequently, 

F{rS[, . . .A)*F{rS[, . . . ,rS'J > (1 - efl for any r £ {5, 1) 
and, due to Theorem 13.21 F has the radial infimum property. Therefore, item (i) holds. 

To prove (ii), note first that, due to Theorem 11.21 F o p \s inner. Since F £ Am<E)minB{£,Q), and 
p £ An'S)minB {C"\C), Thcorcm 11.11 implies that F o is in An^B{£,Q). Applying now item (i) to 
F o p, we deduce part (ii). 

Now, we prove (iii). Since (p := [pi, . . . , pm] is homogeneous of degree m > 1, we deduce that each pj 
is a homogeneous noncommutative polynomial of degree q. Therefore, pj — pj{Si, . . . , Sn) and 

(3.4) (^„(r^i,...,r5„) = r«l"l<^„(5i,...,^„), a G F+, 

where Si, . . . ,Sn are the left creation operators on the full Fock space F^(i/„). As in the proof of Theorem 
II. 2[ we have 

{U ® = {Ic ® F){U (E) I), 

where £ is a separable Hilbert space and U : F^{Hn) ^ C <E) F'^{Hm) is a unitary operator. Hence, we 
deduce that 

(3.5) {U ®I)F^p^{Ic®Fr){U ®I), rG(0,l), 

where Fr{X) := F{rX), X £ [B{H)"^]ifr- Since Fr is a bounded free holomorphic function on 
[-S(H)™]i/^, we have 

(3.6) Fr = Fr{S[,...,S'„J and Fr O p = Fr{pi{Si, . . . , Sm), ■ ■ ■ ,Pni{Sl, . ■ ■ , Sn))- 

Since F has the radial infimum property, for any e G (0, 1) there is (5 G (0, 1) such that 

Fr{S[, S'J*Fr{S[, ...,S'J>{1- e)I for any r G {6, 1). 
Hence, and using relations (|3.5p and (|3.6p . we obtain 

(3.7) {F\^yF\^ > (1 - <^)I for any r G {5, 1). 
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On the other hand, due to relation (13.41). we have 



FrO(p = F{r(pi{Si, . . . , S„), . . .,riprn{Sl, . . . , Sn)) 

= (^^o^)(r'5i,...,r'5„), 
where r' :— r^/^. Now inequahty p.7p becomes 

(F o ^)(r'5i, . . . ,r'5„)*(F o ^)(r'5i, . . . ,r'5„) > (1 - e)/ for any / € (S^/\ 1). 



Applying Theorem 13. 2[ we conclude that F o if has the radial infimum property. 

To prove item (iv), assume that F has the radial infimum property. Applying Theorem ll.3l to ^'^[_Fi.], 
r S (0, 1), we obtain 

I--^A[F]{rSr'fA[F]{rS') 

= Da[I - FirS'yA]-^[I - F{rS'yF{rS')][I - A* F{rS')]-^ Da, 

where rS' := (rS'i, . . . , rS'j^). Since F has the radial infimum property, there exist constants c(r) £ (0, 1], 
r G (0, 1), with limr^i c{r) = 1 such that 

F{rS'yF{rS') > c{r)L 

Note also that, since ||A|| < 1 and ||F(rS")|| < 1, we have 

||[/ - F{rS'yA]-^\\ < 1 + \\F{rS'yA\\ + ||F(r5')*Af + ■ • • 
<l + ||A|| + ||Af + ... 
1 



Using all these relations, we deduce that 

1 - c(r) 



^A[F]{rS'y^A[F]{rS') > 



1 - 



ii-\\A\\y 



Since lim^^i c(r) = 1, Theorem 13.21 shows that has the radial infimum property. Now, using the 

fact that = F, one can prove the converse. The proof is complete. □ 

We remark that under the hypothesis of Theorem 13.51 if F e Am(S)minB{£,Q) with Halloo — 1, then 
F is inner if and only if it has the radial infimum property. This suggests the following open question. 
Is there any bounded free holomorphic function with the radial infimum property so that its boundary 
function is not in the noncommutative disc algebra ? 

Corollary 3.6. Any free holomorphic automorphism of the noncommutative ball has the radial 

infimum property. 

Proof. According to ^5J, if e Aut{[B{'H)"']i), the automorphism group of all free holomorphic functions 
on [i3(7i)"]i, then its boundary function 'J = [^i, . . . , is an isometry and e An, the noncommu- 
tative disc algebra. Applying Theorem 13. 5[ part (i), we deduce that 5* has the radial infimum property. 
The proof is complete. □ 
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4. Factorizations and free holomorphic versions of classical inequalities. 

In this section we study the class of free holomorphic functions with the radial infimum property in 
connection with factorizations and noncommutative generalizations of Schwarz's lemma and Harnack's 
double inequality from complex analysis. 

li A,B E B{1C) are selfadjoint operators, we say that A < B \i B — A \s positive and invertible, i.e., 
there exists a constant 7 > such that {{B — A)h, h) > 7||/ip for any ft, e /C. Note that C G B{JC) is a 
strict contraction (||C|| < 1) if and only if C*C < I. 

Theorem 4.1. Let F,Q, and G he free holomorphic Junctions on [_B(7i)"]i with coefficients in B{£,Q), 
B{y,G), and B{£,y), respectively, such that 

F{x) = e{x)G{x), xe[B{n)"]i. 

Assume that F is bounded with ||i^||oo < 1 cind Q has the radial infimum property with ||6||oo — 1- Then 
I|G|U<1, 

F{x)F{xy < e{x)Q(xy, x e 

and 

||F(x)||<||e(x)||, xe[B{nrh. 

If in addition, \\G{0)\\ < 1 and Xq e [B{H)"]i, then: 

(i) F{Xo)F{Xo)* < e(Xo)e*(Xo) if and only e(Xo)e* (Xq) > 0; 

(ii) ||F(Xo)|| < ||e(Xo)|| if and only if G{Xo) + 0. 

Proof. Since has the radial infimum property and ||0||oo — Ij Theorem 13.21 shows that there exist 
constants c(r) G (0, 1], r G (0, 1), with lim^^i c(r) = 1 and such that 

e(r5i, . . . , r^„)*0(^^i, ■ • -.rSn) > c{r)I. 

Consequently, taking into account that F{rSi, . . . , rSn) ~ QirSi, . . . , rSn)G{rSi, . . . , rSn) for any r G 
[0, 1), we deduce that 

||e(r5i, . . . , rSnTFirSi, rSn)y\\ > c{r)\\G{rSi, rSn)y\\ 

for any y G F'^{Hn)®S. Since ||e(r5i, . . .,rSn)\\ < \\Q\\oo = 1 and \\F(rSi, . . . ,rSn)\\ < 1, the inequality 
above implies 

c{r)\\GirSi,...,rSn)\\<l for any rG[0,l). 
Using the fact the map r \\G{rSi, . . . ,rSn)\\ is increasing and that lim^^i c{r) = 1, we deduce that 
limj.^1 ||G(r5i, . . . , rSn)\\ < 1. Hence, G is bounded and 

||G||eo-lim||G(r5i,...,rS„)||<l. 
Consequently, G{X)G{X)* < I and 

F{x)F{xy = e{x)G{x)G{xye{xy < e(x)e{xy, x g [B{nr]i. 

Hence, we have F{X)F{Xy < e{X)Q{Xy for all X G 

To prove the second part of this theorem, assume that ||G(0)|| < 1. According to CoroUarv 11.61 we 
have ||G(X)|| < 1 for any X G Since F{X) = e(X)G(X), X G we deduce that 

(4.1) e{x)Q{xy - F{x)F{xy > (i - \\G{x)\\^)Q{x)Q{xy . 

Since I|G(X)|| < 1, we have (1 - \\G{X))\\^)Q{X)e{xy > 0. Note also that if Xq G is such 

that e(Xo)e(Xo)* > then relation (glTD implies e(Xo)e(Xo)* - F(Xo)F(Xo)* > 0. The converse is 
obviously true. 

To prove item (ii), note that when ||G(Xo)|| < 1 and G{Xq) / 0, we have 

||^^(Xo)|| = ||e(Xo)G(Xo)|| < ||e(Xo)||||G(Xo)|| < ||e(Xo)||. 

Consequently, since F{Xo) = e{Xo)G{Xo), we deduce that ||i^(Xo)|| < ||e(Xo)|| if and only if G(Xo) 7^ 0. 
This completes the proof. □ 
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Proposition 4.2. LetF,Q, and G be free holomorphic functions on[B(l-l)"]i with coefficients in B {£, Q) , 
B{y,G), and B{£,y), respectively, such that 

F{x) = e{x)G{x), xe[B{n)"]i. 

Assume that: 

(i) lli^lloo <1 andF€ An®mrnB{£,g); 

(ii) Q is inner and Q G An^minB{y, G). 

Then ||G||oo < 1, G G An^minB{£,y), and 

F{x)F{xy < e{x)e{xy, x e [B{nr]i. 

If in addition, F is inner, then so is G. 

Proof. Since 8 is inner, i.e., 0*6 = /, and G An®minB{y,Q), Theorem 13.51 implies that O has 
the radial infimmii property. Now, due to Theorem 14.11 G is bounded and ||G||oo < 1- Consequently, 
inequality F{X)F{X)* < e{X)e{X)* for all X G [B{n)"]i. 

On the other hand, since F G An^minB{£,Q) and Q G An^minB{y,g), according to [44], we 
have 

(4.2) e = lime(rS'i,...,rS'„) and F = \im F{rSi, . . . ,rSn), 

r — ^1 r — >1 

in the operator norm topology. Since l|G||oo < 1, its boundary function G = SOT- linv^i G{rSi, . . . , rSn) 
exists. Now, for any r G [0, 1), we have 

e(rS'i, . . . ,rSn)*F{rSi, . . . ,rS'„) = 6(rS'i, . . . , rS'„)*e(rS'i, . . . ,rS„)G{rSi, . . .,rS„). 

Taking the SOT- limit in this equality and using the fact that || 9 (rS*!, . . . , 7'S'„)|| < 1 and \\F{rSi, . . . , 7'<S'„)|| < 
1, we deduce that Q*F = G. Now, due to relation (|4.2p . we have 



&*F^ \imQ{rSi,...,rSn)*F{rSi,...,rSn) and lim e(r5i, rS'„)*e(rS'i, rS'„) = 7 

r^l r — >■! 

in the operator norm. Consequently, since 

||G - G{rSi, ...,rS^)\\<\\G- Q{rSi, r^„)*F(r5i, . . . , r^„)|| 

+ ||e(r5i, . . . , rS„re{rSi, ...,rS„)- /||||G(r5i, . . . ,r5„)|| 

and ||G(rS'i, . . . , 7'>5'„)|| < 1, we deduce that G = linv^i G{rSi, . . . , rSn) in the operator norm topology. 
Hence, we deduce that G G An®minB{£, y). The proof is complete. 

If in addition, F is inner, then relation F = OG implies 

/ = F*F = G*e*eG = G*G, 

which proves that G is inner. □ 



We remark that the second part of Theorem 14.11 holds also under the hypothesis of Proposition 14.21 

In [39], [45], and [46], we obtained analogues of Schwarz lemma for free holomorphic functions. We 
mention the following. Let F{X) = -^oc ® ^(a)) -^(a) £ B{£,Q), be a free holomorphic function 

on with ||F||oo < 1 and F{0) = o" Then 

\\F{X)\\<\\Xl for any X€[B{nr],. 

Note that Theorem 14.11 can be seen as a generalization of Schwarz's lemma. Let us consider a few 
important particular cases. 
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Corollary 4.3. If F : [i3(7i)"]i B{Ti.)(S^minB{£,Q) is a bounded free holomorphic function with 
l-flloo < 1 and representation 



where m = 1, 2, . . then 



k=m \ a\=k 

F{X^,...,X^)F{Xi,...,X^)* < XpX;®Ig 

\P\=m 



for any X := {Xi, X„) G [-B(H)"]i. //, in addition, Y.\i3\=m 
is strict for any X ^ 0. 



< 1, then the inequality above 



Proof. As in the the proof of Theorem 3.4 from [39], we have the Gleason type factorization F — 8G, 
where O and G are free holomorphic functions given by 

e(Xi, . . . , X„) [Xp ® Ig : \f3\ = m] and G(Xi, . . . , X„ 

Due to Section 3 (see Example 13. 3|) . O is inner and has the radial infimum property. Applying now 
Theorem 14. 1[ we deduce that 

FiXi,...,Xn)F{Xi,...,Xr,)* <e(Xi,...,x„)e(Xi,...,x„)* = ^ Xpx;®ig 

|/3|=m 

for any (A"i, . . . , Xn) e [i3(7i)"]i. On the other hand, since 



l|G(0)|| 











= m 





m-- 



< 1, 



we can use the second part of Theorem 14. 1[ to complete the proof. 



□ 



We remark that Corollarv l4.3l implies the version of Schwarz lemma obtained in |39| and, when m — 1, 
the corresponding result from ^20^ . 

Corollary 4.4. If F : [B{Ti,)'^]i B{Ti,)(^minB{£,Q) is a bounded free holomorphic function with 
\\F\\oo < 1 and \\F{0)\\ < I, then 



Dp^oyil - F{X)FiOy]-'[I - FiX)F{Xy][I - F{0)FiXy]-'DF^o)' 

> [ / - ^ Xo^X: Ig 



for any X (Xi, . . . , X„) £ 

Proof. According to Theorem 11.31 the mapping G :— '^p(_o)[P] is a bounded free holomorphic function 
with ||G||oo < 1 and G(0) = 1'f(o)[^(0)] = 0. Applying Corollary to G (when m = 1), we deduce 
that G{X)G{Xy < XX* ®Ig. On the other hand, using relation (fTTTU)) . we have 

/ - G{X)G{Xy - Dp^^y, [I - F{X)F{Qy]-^[I ~ F{X)F{Xy][I - F{Q)F{Xy]-^DF(^y . 

Now, one can easily complete the proof. □ 

We remark that CoroUarv 14.41 can be seen as an extension on CoroUarv 14.31 (case m = 1) to the case 
when ||-F(0)|| < 1. 

When dealing with free holomorphic functions with scalar coefficients. Theorem 14 . II can be improved, 
as follows. 
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Theorem 4.5. Let f,9, and g be free holomorphic functions on [B{'H)"']i with scalar coefficients such 
that: 

(i) /(X) = ^?(X).9(X), Xe[Binr]u 

(ii) / is bounded with ||/||oo < 1; 

(iii) 9 has the radial infimum property and \\0\\qo = 1- 
Then \\g\\oo < 1 and, consequently, 

f{x)f{xy <6{x)e{xy, xe[s(H)"]i, 



\f{x)\\<\\9{x)i x^iBiny 
ll5(o)ll<i. 



Moreover, 



(a) f{Xo)f{Xoy < 0{Xo)e{Xoy for some Xq € if and only if e{Xo)0{Xoy > and g is 
not a constant c with \c\ — 1. 

(b) ||/(Xo)|| = \\OiXo)\\ for some Xq G ^f and only if either d{Xo) ^ or f ^ cO for some 
constant c with |c| = 1. 

(c) // |5(0)| — \, then f = c9 for some constant c with \c\ = 1. 

Proof. Due to Proposition [LJl if g ■ — > B{TL) is a non-constant free holomorphic function with 
llslloo < 1, then ||5(X)|| < 1 for any X e [i3(7i)"]i. Using this result and Theorem 14. 11 in the particular 
case when £ = Q = y = one can complete the proof. □ 

We remark that in the particular case when n — I and 6{z) = z, we recover Schwarz's lemma (see 

In what follows we obtain generalizations of some classical results from complex analysis for certain 
classes of free holomorphic functions with positive real parts and of the form F = I + QT. 

Theorem 4.6. Let F, Q, and T be free holomorphic functions on [i3(7i)"]i with coefficients in B{£), 
B{Q,£), and B{£,Q), respectively. Lf 

(i) 5RF > 0, 

(ii) O has the radial infimum property, ||6||oo = 1, and ||0(O)|| < 1, 

(iii) F = / + er, 

then 

[L ~ F{x)][L - F{xy] < [L + F{x)]eix)e{xy[L + Fixy] 

and 

"I^W" ^ i-||e(x)|| 

for any X G [B(W)"]i. 

Proof Since ^F{X) >0, X e [B(H)"]i, its noncommutative Cayley transform G := {F - L){L + F)-i 
is in the unit ball of H^^^^{B{£), thus ||G(X)|| < 1. Due to item (iii), we have G = er(/ + F)-^. Now, 
since Q has the radial infimum property and ||6||oo = 1, we can apply Theorem 14.11 to G and obtain 
G{X)G{Xy < eiX)e{Xy for aU X e [B{ny]i. Hence, we deduce that 

[/ + F{x)]-^[Fix) - L][F{xy -/][/ + F{xy]-^ < Q{X)Q{Xy, 

which is equivalent to 

[L - F{x)][i - F{xy] < [L + F{x)]e{x)e{xy[L + F{xy]. 

The latter inequality implies 

\\F{X)\\ - 1 < 11/ - FiX)\\ < ||e(X)||(l + \\FiX)\\), 
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which leads to 

(4.3) ||^^(x)||(i-||e(x)|i)<i + ||e(x)||. 

Since ||6||oo = 1 and 1|6(0)|| < 1, the maximum principle for free holomorphic functions with operator- 
valued coefficients (see Theorem II. 5 P implies that ||8(X)|| < 1. Now, inequahty (|4.3p implies the desired 
inequality. □ 

Taking into account Theorem 14.51 and Theorem 14. 6[ we can make the following observation. 

Remark 4.7. In the scalar case, when £ ^ Q ^ C, the first inequality in Theorem |^.6'| is strict if and 
only if Q{X)Q{X)* > and F is not of the form F = {I + rjQ){I — r]Q)~^ for some constant rj with 

H = i. 

Consider the set [H^a\\{B{£)]^^ (resp. -ffbaii(^(^)) '^^ bounded free holomorphic functions on 
[B{nY]i with coefficients in B{£) such that \\F{X)\\ < 1 (resp. 5RF(X) > 0) for any X e [B(7^)"]i. We 
remark that the restriction to H^aui^i^) noncommutative Cayley transform, defined by 

C[F] := [F-l][l + F]-\ 

is a bijection C : H>^^^{B{£) [H^^^^{B{£)]^^ and C"^[G] = [I+G][I-G]-^ . Indeed, taking into account 
Theorem 1.5 from [II], it is enough to show that F e H>^^^{B{£) if and only if G e [H^^n{B{£)]^^, 
where F = [/ + G] [/ - G]"^ To this end, note that 

2^F{rSu...,rSn) 

= [I- G{rSi, rS„)T^ [I - G{rSi, r5„)*G(r5i, . . . , r5„)] [/ - G{rSi, rSnT^ 

for any r G [0, 1). Consequently, ^F{rSi, . . . , rSn) > for any r e [0, 1) if and only if ||G(rS'i, . . . , rSn)\\ < 
1 for any r G [0, 1). Using the noncommutative Poisson transform, we deduce that ^F{X) > for any 
X e [B{Hy^]i if and only if ||G(X)|| < 1 for any X e [B(H)"]i, which proves our assertion. 
In what follows we need the following result. 

Lemma 4.8. Let F : [B{Ti.)"]i ^ B{Ti.)>S>minB{£) be a free holomorphic function with coefficients in 
B{£). Then there is a free holomorphic function G : [-B(7i)"]i B[TL)®minB{£) such that 

F{X)G{X) = G{X)F{X) = /, X e [S(H)"]i, 

if and only if F{rSi, . . . , rSn) is an invertible operator for any r G [0, 1). Moreover, in this case, 

G{rSi,...,rSn)^F{rSi,...,rSr.r\ r G [0,1), 

where Si, . . . , Sn are the left creation operators. 

Proof. One implication is obvious. Assume that F{rSi, . . . ,rSn) is an invertible operator for any r G 
[0, 1). First we prove that F{rSi, . . . ,rSn)^^ is in F!^®B{£), the weakly closed algebra generated by 
the spatial tensor product. Since is a free holomorphic function, FirSi, . . . ,rSn) is in An^minB{£) 
for any r G [0, 1). In particular, we have 

FirSl,...,rSn)iR^^I) = {R^ ® I)F{rSu . . . ,rSn), z = l,...,n, 

where . . . , i?„ are the right creation operators. Hence, we deduce that 

{R,(^I)F{rSi,...,rSny^ ^ F{rSl,...,rSny\R^®I) i = l,...,n. 

According to [36], the commutant of {Ri ® /, i = l,...,n} is equal to F^®B{£). Consequently, 
F{rSi, . . . ,rSn)~^ is in F^®B{£) and has a unique Fourier representation 

F{rSi,...,rSn)-^ ^ ® r^"^ B^^^{r) 

for some operators i?(Q)(r) G B{£). We prove now that the operators B(^a){f), a G F+, don't depend on 
r G [0, 1). Assume that F has the representation 

oo 

F{X^,...,Xr,) ■■^Y.Y. ^o.®A^), (Xi,...,X„) G [B(7^)"]i, 

fc=0 \a\=k 
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where the convergence is in the operator norm topology. Since 

I = F{rSi,...,rSn)F{rSi,...,rSn)-^^ I ^ 5. ® rl"li?(„)(r) If^ E '''"'^"^^a) 

\aeF+ / Vfc=0|a| = fe 

for any f3 G F+, we have 

{iS*p (g> l£)FirSi,. . . , rSn)FirSi, rSn)-\l <^ x), (1 (g> y)) ^ ^ rl'^l {A^a)B^^){r)x, y) 

for any x^y E 8. Therefore, A^Q'^B^Q-^{r) = / and 

(4.4) Yl A")^m(^)=0 



a.uj 



if \P\ > 1. Now, we proceed by induction. Note that _B(o)(^) = ^(o) assume that the operators 
-B(„)(r) don't depend on r G [0, 1) for any a G F+ with \/3\ < m. We prove that the property holds if 
= m + 1. To this end, let f3 := gi^gi^ • • ■ gim9im+i ^ "^n - Due to relation (|4.4p . we have 

^(0)%) + A9n)^(ff.2-9>,„+i) + '" + ^(9.i-ff.,J-^fe„.+i) + ^(/3)-^(0) ^ 

Hence and due to the induction hypothesis, we deduce that B(^p-^{r) does not depend on r G [0,1). 
Thus we can write i3(/3) := -B(/3)(r) for any /S G F+ and F(rSi, . . . ,rS'„)^^ has the Fourier representation 
^ae¥t '^a®^'"'^(ct) ^nd the series X)^o S|Q|=fc('S'")'"''S'a®i?(a) converges in the operator norm topology 
for any s,r G [0, 1). Hence, we deduce that the map G : [B{Ti,)"']i B{J-L)^rninB{£) defined by 

oo 

G(Xi,...,X„) ■■=Y.Y. Xo.®B(^), (Xi,...,X„) G [S(H)"]i 

fc=0 

is a free holomorphic function. Here the convergence is in the operator norm topology. Due to (|4.4p and 
the similar relation that can be deduced from the equation FirSi, . . . , rSn)^^F{rSi, . . . , rSn) — I, one 
can easily see that F{X)GiX) ^ G{X)F{X) = I for any X G [B(7^)"]i. Moreover, we have 

G(r5i, . . . ,rS'„) = F(rSi, . . . ,rS'„)"^ 

for any r G [0, 1). The proof is complete. □ 

The next result is a noncommutative extension of Harnack's double inequality. 

Theorem 4.9. Let F, Q, and T be free holomorphic functions on [i?(7Y)"]i with coefficients in B{£), 
B(Q,8), and B{£,Q), respectively. If 

(i) 3?F>0, 

(ii) O has the radial infimum property, ||6||oo < 1,. o,nd ||0(O)|| < 1, 

(iii) F = I + or and F~^ = I + QL for some free holomorphic function L on [B{T-l)"']i, 



then 



i + ||e(x)|| ^ i-||e(x)|| 

for any X G [S(H)"]i. 

Proof The inequality \\F{X)\\ < is due to Theorem HH We prove now the first inequality. 

Since ^F{X) > 0, X e [SC^)"]!, there exit constants j{r) G (0, 1) such that 

5RF(r5i,...,r5„) >7(r)/, rG(0,l). 

Hence, we deduce that 

||F(r5i, . . .^rSnTxW + ||F(r5i, . . .,rSn)x\\ > 2-f{r)\\xl x G F''{H^) (g, £), 
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which shows that F{rSi, . . . ,rSn) and F{rSi, . . . ,rSn)* are bounded below. Therefore, the operator 
F{rSi, . . . ,rSn) is invertible for all r S [0, 1). Due to Lemma [4.81 there is a free holomorphic function 
A : -> B{n)®rmnB{£) such that 

F{X)K{X) = K{X)F{X) = 1, Xe [B{n)"]i, 

and A{rSi, . . . ,rS'„) = F{rSi, . . . ,rS'„)-i for aU r e [0, 1). Since 

»A(r5i, . . . , rS„) = [F{rSi, rS^r^]*[?fiF{rS,, . . . , rSr,)]F{rSi, rS„)-^ 

and KF(rS'i, .... rSn) > 0, we deduce that 5RA(r5i, . . . , rSn) > 0. Therefore 3?A > 0. Due to item (iii), 
we have A = / + QL for some free holomorphic function L on [_B(7i)"]i. Applying now Theorem 14.61 to 
A, we obtain 

iiAmii<i^i^ffl 
i-||e(x)|| 

for any X e [B{H)"-]i. Since A{X) = F{X)^^, we have ||F(X)|| > jx(x)\\ - Combining these inequalities, 
we deduce that 

for any X e [B{n)'^]i. The proof is complete. □ 

We remark that when n = 1 and £ ~ G ~ C, then the condition F^^ = I + QL in Theorem 14.91 is 
redundant, so we can drop it. 

Corollary 4.10. Let F be a free holomorphic function on [i?(7Y)"]i with coefficients in B{£) and standard 
representation 

oo 

F{x,,...,x^) = i+J2 51^"® A-)' {Xi,...,x^)€[B{nri, 

k=m |a|=fc 

where m = 1, 2 . . .. // > 0, then 
for any X e 

Proof. First, we consider the case when 5RF > 0. As in the proof of Theorem 2.4 from ^39^, we have a 
decomposition F ^ I + QT, where 

^iP){Xl, ■ ■ ■ ,Xr, 

Q{Xi,...,Xn):^[Xp^I: \(3\ = m] and r(Xi,...,X„) 

are free holomorphic functions. Due to Section 3 (see Example 13 .3^ . Q is inner and has the radial infimum 
property. On the other hand, due to the proof of Theorem l4.91 X F{X)^^ exists as a free holomorphic 
function on Since 

/ ^ FiXy^FiX) = F{X)-\I + e{X)T{X)) 

we deduce that F{X)^^ = I — F{X)^^<d{X)T{X). Taking into account that 8 is a homogeneous 
polynomial of degree m, it is easy to see that X ^ F{X)^^Q{X)T{X) is a free holomorphic function so 
that each monomial in its standard representation has degree greater than or equal to m. This implies 
that F^^ has a decomposition of the form / + QL for some free holomorphic function L. Since we are 
under the hypotheses of Theorem l4.91 we can apply this theorem to F and obtain the desired inequalities. 
In the case when ^F > 0, the map := I + jj^iF — I), e > 0, has the property 5ftGe > 0, so that we 
can use the first part of the proof and obtain the corresponding inequalities. Taking the limit as e ^ 0, 
we complete the proof. □ 



From Corollarv l4.101 we can deduce the following remarkable particular case, which should be compared 
to Theorem 1.4 from [17]. 
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Corollary 4.11. If F is a free holomorphic function on [_B(W)"]i with coefficients in B{£) such that 
F{Q) = / and SRF > 0, then 



5. NONCOMMUTATIVE BOREL-CARATHEODORY THEOREMS 

In this section, we obtain Borel-Caratheodory type results for free holomorhic functions with operator- 
valued coefficients. 

We start with a Caratheodory type result for free holomorhic functions which admit factorizations 
F = 0r, where O is an inner function with the radial infimum property. 

Theorem 5.1. Let F, Q, and T be free holomorphic functions on [i?(7i)"]i with coefficients in B{£), 
B{Q,£), and B{£,Q), respectively. If 

(i) ^F{X) < I for any X G 

(ii) O has the radial infimum property, ||6||oo = 1. o,nd ||0(O)|| < 1, 

(iii) F ^ er, 

then 

Proof. Since G := I — F = I — OT has the property that 5RG > 0, we can apply Theorem 14. 61 to G and 
obtain 

[I - G{x)][i - G{xy] < [I + G{x)]e{x)e{xy[i + G{xy], x e [B{ny]i. 

Consequently, we deduce that 

||F(X)|| = I|/-G(X)||<||(G(X)+/||||e(X)|| 

= ||2/-F(x)||||e(x)||<(2 + ||F(x)||)||e(x)||. 

Hence, we have 

||F(x)|i(i-||e(x)||)<2||e(x)||. 

We recall that, since ||0||oo = 1 and ||0(O)|| < 1, the maximum principle for free holomorphic fmictions 
with operator-valued coefhcients (see Theorem 11.51) implies that ||9(X)|| < 1. Now we can complete the 
proof. □ 

Corollary 5.2. Let F be a free holomorphic function on [_B(7i)"]i with coefficients in B{£) and standard 
representation 

CO 

F{Xi,...,Xn)^Yl (Xi,...,X„) e 

k—m |q|— A; 

where m = 1, 2 . . .. // < I, then 

Proof. As in the proof of Theorem 2.4 from f33^, we have a Gleason type decomposition F ~ OF, where 

■ ■ ■ ,X„ 

e{Xi,...,Xn):^[Xp(^I: \(3\=m] and r(Xi,...,X„) 

are free holomorphic functions. Since is inner with the radial infimum property and Q{0) = 0, we 
apply Theorem 15.11 and complete the proof. □ 



From Corollary [521 we can deduce the following particular case. 
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Corollary 5.3. If F is a free holomorphic function on [_B(7i)"]i with coefficients in B{£) such that 
F{0) = and < I, then 

IIWII< Y^^' xelBiHT],. 

The next result is a generalization of the Borel-Caratheodory theorem, mentioned in the introduction, 
for free holomorphic functions with operator-valued coefficients. 

Theorem 5.4. Let F : [B{Tiy"']^ — > B{T-L)®rninB{£) he a free holomorphic function with coefficients in 
B{£) and let r G (0,7). Then 

sup ||F(X)|| < ^^(7) + ^I1F(0)||, 
\\x\\=r 1-r l-r 

where ^(7) := sup||j,||^]^ (5RF(7S'i, . . . , jSn)y, y) and 6*1, . . . , S'„ are the left creation operators. 

Proof. If F is constant, i.e., F = F(0), then the inequality holds due to the fact that 

5?F(0) > -||F(0)||W. 
Assume that F is not constant and F[Q) = 0. First we show that 

(5.1) A(7) > 0. 
Indeed, if we assume that ^(7) < 0, then 

»F(7^i,...,75„) < K^^(O) = 0. 

Applying the noncommutative Poisson transform at . • . , ^jXn], where < t < 7 and (Xi, . . . , X„) G 

[B{nY]{, we obtain 

for any t G [0,7) and {Xi, . . . ,X„) G [B{Hy% . According to Theorem 2.9 from [H], we deduce that 
F = F{0), which contradicts our assumption. Therefore, inequality (|5.ip holds. 

Since ^F{jSi, . . . , 7<S'„) < ^(7)/, we can use again the noncommutative Poisson transform to deduce 
that ^F{X) < A{j)I for X G [i?(7i)"]~. Now, let e > and define the free holomorphic function on a 
noncommutative ball [B{7i)"']s with s > 7, by 

^,{X) 2[A(7) + e]In»£ - F{X), X G 

Note that, for any y ^TL® £ and X G [i3(7i)"]s, we have 

\We{X)y\\^ = 4[A(7) + e]2||2/f - mi) + ^1 {'^F{X)y,y) + \\F{X)yW' 

(5.2) >46[A(7) + 6]||yf + ||F(X)jyf 

>HA{l) + e]\\y\\\ 
Similar calculations show that 

||^,(X)*2/f >46[A(7) + 6]||yf. 

Replacing X by {tSi, . . . , tSn), t < s, and taking y G F'^{Hn)®£ in the inequalities above, we deduce that 
(pe{tSi, . . . , tSn) and tp^(tSi, . . . , tSn)* are bounded below and, consequently, invertible for any t G [0, s). 

Applying Lemma [4.81 to (^e, we deduce that there is a free holomorphic function -0e on [i3(7i)"]s such 
that 

V,{X)^,{X) = i;,{X)^,{X) = /, X G [B{Ur]s. 
Using relation (|5.2p and replacing y with i/j^{X)y, we obtain that 

lljyf = ||^,(X)^,(X)y|| > ||^^(X)^(X)yf + 4e[A(7) + e]I|V^e(X)2/f . 
Hence, we deduce that the map 

(5.3) A,(X) := F{X)MX), X G [S(H)"]„ 
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is a contractive free holomorphic function on [B{Ti,)^]s- Since Ac(0) = 0, Theorem 11.51 implies that 
||A£(X)|| < 1. Hence, and due to relation (15. 3p . we deduce that 

(5.4) Fix) = 2[A(7) + e]A,[/ + UX)]-\ 

which imphes 

\\FiX)\\ < 2[A(7) + e]||A,(X)|| (l + ||A,(X)|| + \\A,{X)f + ■■■) 
\K{X)\\ 



<2[A(7)+, 



i-iiA.wir 



On the other hand, applying the Schwarz type lemma for free holomorphic functions (see [39]) to A^, 
we deduce that 

(5.5) ||A,(X)|| < - 

7 

for any X G [B{TL)"']y with \\X\\ = r, where < r < 7. Combining this with the previous inequality, we 
obtain 

mx)\\ < ^Am±±, 

7 — r 

Taking e — > 0, we deduce that 

sup ||F(X)|| < ^^(7), 
\\x\\=r 1-r 

which proves the theorem when F(0) = 0. 

Now, we consider the case when F(0) 7^ 0. Applying the result above to F — F(0), we obtain 

sup ||F(X)-i^(0)|| < ^ sup (5R(F(75i,...,7^„)-F(0))y,2/) 

<^[A(7) + ||F(0)||]. 

7 — r 

Consequently, we have 

sup ||^^(X||< sup ||F(X)-F(0)|| + ||F(0)|| 

||X||=r ||X||=r 

It t + r 

= A(7) + ^|inO)||. 

7 — 7" 7 — r 

The proof is complete. □ 

We remark that if ^(7) > in Theorem 15. 4[ then we can deduce that 

sup ||F(X)||<1±^[A(7) + ||F(0)||]. 
||x||=r 1-r 



A closer look at the proof of Thcorcm l5.4l reveals another Caratheodory type inequality. More precisely, 
applying Corollary l4.3l to the free holomorphic function A,:, we deduce that 

X X* 

K{x)K{xr < 



7^ 



for any X G [B{TC)'^]^ with ||Ar|| = r, where < r < 7. Using now relations (|5.4[) and (|5.5[) . we obtain 



(l-||Ae(X))2|| 

.»^#(xx*./.). 

(7 — r)"^ 

Taking e ^ 0, we deduce that F{X)F{X)* < ^^^{XX* ^Ig). Now, in the general case when F{0) is 
not necessarily 0, we obtain the following result 
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Corollary 5.5. Under the hypotheses of Theorem\5.4\ we have 



4A(7)2 
(7 - r) 

for any X G B(n)" with \\X\\ = r. 



[Fix) - F{0)][FiX) - FiO)]* < {XX* (g> h) 



6. Julia's lemma for holomorphic functions on noncommutative balls 

In this section, we provide a noncommutative generalization of Pick's theorem for bounded free holo- 
morphic functions. Using this result and basic facts concerning the involutive free holomorphic automor- 
phisms of [i?(7i)"]i, we obtain a free analogue of Julia's lemma from complex analysis. 

A map F : [i?(7Y)"]i [-B(7Y)"]i is called free biholomorphic if F is free homolorphic, one-to-one and 
onto, and has free holomorphic inverse. The automorphism group of [i?(7i)"]i, denoted by Auf([_B(?i)"]i), 
consists of all free biholomorphic functions of [-B('H)"]i. It is clear that Aut{[B{Ti)"]i) is a group with 
respect to the composition of free holomorphic functions. 

Inspired by the classical results of Siegel [551 and Phillips (see also [ST]), we used, in [JS], the 
theory of noncommutative characteristic functions for row contractions (see [33] ) to find all the involutive 
free holomorphic automorphisms of [i?(7Y)"]i, which turn out to be of the form 

^x{Xx,...,Xn) = -eA(Xi,...,x„), {Xi,...,Xn) G [B{nT]i, 

for some A = [Ai, . . . , A„] e B„, where 9a is the characteristic function of the row contraction A, acting 
as an operator from C" to C. 

We recall that the characteristic function of the row contraction A := (Ai, . . . , A„) £ B„ is the boundary 
function <d\, with respect to i?i,...,i?„, of the free holomorphic function 8a : [i?(7i)"]i ^ [B{'H)'^]i 
given by 




eA(Xi, . . . , X„) := -A + Aa - > A,X, [Xi, . . . , X„]A 



for (Xi, . . . ,X„) G [B(7^)"]l, where Aa = (1 - UWD^''^^ and Aa* = [Ik - A*A)i/2. For simplicity we 
also used the notation A := [Ai/g, . . . , A„/g] for the row contraction acting from Cy^"' to where Q \s a. 
Hilbert space. 

In [inj, we proved that if A :— (Ai,...,A„) e B„\{0} and 7 := then $a '■— ~9a is a free 

holomorphic function on [_B(7-^)"]-y which has the following properties: 

(i) $a(0) = A and $a(A) = 0; 

(ii) the identities 

lH-'^x{X)<i>x{Y)* ^^x{I-X\*)-\l-XY*){I-XY*)-^^x, 
W" - *a(^)*$a(1^) - Aa. (/ - X* A)-i(/ - X*r)(/ - A*r)-iAA. , 

hold for aU X and Y in [B(7^)"]^; 

(iii) $A is an involution, i.e., ^x{^x{X)) = X for any X e [B{liy%] 

(iv) $A is a free holomorphic automorphism of the noncommutative unit ball [i3(7i)"]i; 

(v) $A is a homeomorphism of [B{rLY\^ onto [^(H)"]^- 

Moreover, we determined all the free holomorphic automorphisms of the noncommutative ball [_B(7i)"']i 
by showing that if $ G Aut{[B{TL)"'\i) and A := $~^(0), then there is a unitary operator U on C" such 
that 

= o $A, 

where 

^u{Xi, ...Xn) [Xi, . . . , X„][/, (Xi, . . . , x„) e [B{nT]i. 

The first result of this section is following extension of Pick's theorem (see [31], [9]), for bounded free 
holomorphic functions. Let Mnxm be the set of all n x to matrices with scalar coefficients. 
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Theorem 6.1. Let F : [B{n)"']i be a free holomorphic function with \\F{0)\\ < 1 and let 

a G B„. Then there exists a free holomorphic function T : [_B(7i)"]i B{l-C)®rninMny.m with ||r||oo < 1 
such that 

where $a and ^F(a) o,''"^ the corresponding free holomorphic automorphisms of [B[TC)^]i o-n-d- [i3(7Y)™]i, 
respectively. Consequently, 

^Fia){FiX))^F(^a)iF{X))* < X £ 

and 

\\<^F^,^{F{X))\\ < \\MX)\\, xe[B{nri. 

Proof. Since F is a free holomorphic function with ||F||oo < 1 and ||i^(0)|| < 1, Corollary 11.61 imphes that 
\\F{X)\\ < 1 for any X € [B{n)"]i. We know that e and $F(a) £ Aut{[Bin)"']i). 

Due to Section 1 and the properties of the free holomorphic automorphisms of [B{7i)™]i, the composition 
map G := oFo$„ : [Bin)""]! is a free holomorphic function with G(0) = 0. Therefore, 

it has a representation of the form 

oo 

(6.2) G(Xi,...,X„) = ^ X^®A^^)^[X,,...,X,,]T{X,,...,X^) 

fe=l \a\=k 

for any [Xi, . . . , Xn] G [B{H)'"']i, for some matrices A(a) G Mixm and a free holomorphic function F with 
coefficients in Mnxm- Since ||G||oo < 1 with G(0) < 1, and Q{X) :— [Xi, . . . ,Xn] is inner and has the 
radial infimum property, Theorem 14.11 implies that ||r||oo < 1, 

G{X)G{xy <XX*, Xe[B{Hr]i, 

and 

||G(X)||< 11X11, XG[B{nr],. 

Replacing X by ^a{X) in these inequalities and in relation (|6.2p . and using the fact that ° — id, 
we complete the proof. □ 

Corollary 6.2. If F : [^(T^)"]^ is a /ree holomorphic function with \\F{0)\\ < 1 and 

a G B„, then, for any X e [B{H)'']i, 



^Fia)[I - F(X)F(a)*]-M/ - F{X)F{Xni F{a)F{Xr]-' Ap^^^ 
> Aail - Xa*)-\I - XX*){I - aX*)-'Aa 

and 

II [/ - F{a)FiX)*] [I - F{X)F{X)*]-'[I - F{X)Fia)*]\\ 

(6.4) Al, s 

< -4t^ UI - a*X){I - XX*)-\I ~ Xa*)\\ . 

Proof. The first inequality follows from Theorem 16.11 and relation (|6.ip . Since l|i^(0)|| < 1, Corollary 1 1.61 
implies that ||F(X)|| < 1 for any X G [i?(7i)"]i. Note that each side of inequality (|6.3[) is a positiye 
inyertible operator. It is well-known that if A, B are two positiye inyertible operator such that A < B 
then B^^ < A^^. Applying this result to inequality (16. 3p . we deduce that 

[/ - F{a)F{Xr][I F(X)F{Xr]-'[I F(X)F{ar] 

< - aX*)iI - XX*)-\I - Xa*). 

Hence, the second inequality follows. The proof is complete. □ 
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Let F : [B{H)"']i be a free holomorphic function. Let £_ e 9B„ := {z e C" : ||z|l2 = 1} 

and assume that 

L:.li.ninf^-Il^'5<oo. 

Then there is a sequence {zk}^i C B„ such that Unife^oo ^fe — S, and linik^oc F(zk) = rj for some 
77 G dMm, and 

■in. '-'Iff ^L. 

fe-^oo 1 — llZfcll 

Now, we can present our first generalization of Juha's lemma for free holomorphic functions on non- 
commutative balls. 

Theorem 6.3. Let F : be a free holomorphic function with ||F(0)|| < 1. Let 

{^k}'kLi ®n ^2 a sequence such that linifc^oo ^fe = linife^oo F{zk) = rj for some ^, G dMn, ?/ G i9Bm, 

hm — — = L <oo. 

Then the following statements hold. 

(i) For any X e [B{H)"]i, 

\\[L - rjFiXy] [I - F{X)FiXr]-'[I FiX)rj*]\\ 

< L\\{L - CX){I - - XC)\\ ■ 

(ii) Ifl3>0andXe [-B(W)"]i is such that 

{I-XC){L-iX*)<P{L-XX*), 

then 

[I - F(X)ry*][/ - TiF{XY] < PL[I - 

Proof. Due to inequality (|6.4p . we have 

II [/ - F{z,)FiXr] [/ - FiX)FiX)T'[I - F{X)F{z,r] \\ 

^ V'^^lF W XX*)-\L Xzl)\\ . 

Taking the limit as — » 00, we deduce item (i). To prove (ii), note first that, using the same inequality 
(j6.4p . when a — Zk and X = 0, we obtain 

||[/ ~ F{zk)F{Or] [I - F{0)F{Oy]-'[I - FiO)F{zkr]\\ 

^ l-\\F{z,)r 

Taking Zk ^ £, and due to the fact that ||F(0)|| < 1, we deduce that 

L > ||[/-7/F(0)*][/-F(0)i^(0)*]"i[/-F(0)77*]|| > 0. 

Notice also that, for any X E the following inequalities are equivalent: 

(a) iL-XC){I~^X*)<P{I-XX*), 

(b) ||(/ - ^x*){L - xx*)-\i - xc)\\ < p. 

Indeed, inequality (b) holds if and only if ||(/ - ^X*){I - XX*)-'^/'^\\ < (3'^/'^, which is equivalent to 

(/ - XX*)-^/^{L - X^*){L - ^X*){I - XX*)-^^^ < (3. 

The latter inequality is clearly equivalent to (a). 
Now, to prove (ii), we assume that 

(/ - XC){L - S,X*) < f3{L - XX*). 
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Due to the equivalence of (a) with (b), and using the inequahty from (i) and the fact that L > 0, we 
obtain 

||[/ - vF{Xr][I - F{X)F{Xr]-'[I - F{X)r^*]\\ < PL. 
Once again using the equivalence of (a) with (b) when X is replaced by F{X), we obtain that 

[/ - F(XW][I - vFiXy] < PL[I - F{X)F{Xn 
This completes the proof. □ 

We mention that, using unitary transformations in B{C^) and -B(C"*), respectively, we can choose the 
coordinates such that ^ = (1, 0, . . . , 0) G 3B„ and = (1, 0, . . . , 0) G dMm, in Theorem[01 For < c < 1, 
we define the noncommutative ellipsoid 

E.:=(,X,.....X„).B(«r: 1^. - d -■=)/] K - d -■=)]/] ^ ^ ... ^ ^ ^ 

1^ c c 

with center at ((1 — c)/, 0, . . . , 0). 

Here is our second version of Julia's lemma for free holomorphic functions. 

Theorem 6.4. Let F : [i3(7Y)"]i [-B(H)'"]i be a free holomorphic function. Let Zk £ B„ be such that 
limfe^oo Zfe = (1, 0, . . . , 0) e dBn, limfc^oo F{zk) = (1, 0, . . . , 0) £ dBm, and 

// F :— (Fi, . . . , Ffn), then the following statements hold. 
(i) For any X:^ G 

(/ - - F{X)F{Xy)-\l - < L{I - X*)il - XX*)-\I - X^). 

(u) //O < c < 1, then 

Lc 

FCEc) C E^, where 7 := . 

1 + Lc — c 

Proof. As in the proof of Corollarv l6.21 inequality l|6.3p implies 

[/ - F{zk)FiXy][I - FiX)FiXy]-\l - F{X)Fizky] 

1 - Ffelr 

Taking the limit as /c — + 00, we obtain the inequality in item (i). Now we prove item (ii). Straightforward 
calculations reveal that X — {Xi, . . . , Xn) is in the noncommutative ellipsoid Ec if and only if 

(6.5) ^i^x,){I-X*)<-^{I-XX*). 

1 — c 

According to the equivalence (a) <-> (&) (see the proof of Theorem 16. 3p . when ^ = (1,0,..., 0) and 
P := j-^, the latter inequality is equivalent to 

\\ii-xi)ii-xx*)-\i-x,)\\<-^, 

1 — c 

which is equivalent to 

(/ - Xl){I - XX*)-\I - Xi) < Y^I- 
Usind the inequality from item (i), we obtain 

(/ - F.ixyyi - Fix)Fixy)-'ii F^ixy < ^/ = 

where 7 :— As above, the latter inequality is equivalent to 

(/ - Fi(x))(/ - F.ixy) <-^{i- Fix)Fixy), 

1-7 

which is equivalent to F{X) G E^. This completes the proof. □ 
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We introduce noncommutative Korany type regions in [i3(7i)"]i. For each ^ G 9B„ and a > 1, we 
define 

T>a{0 e B{nr : (/ - XC){I - ^X*) < ^(1 - - XX*) 

Note that if 7i = C, then Dq,(^) coincides with the Korany region (see [5T| ) 

i?„(e) = {zeC":|l-(z,^)|<|(l-|zp)}. 

Corollary 6.5. If F is as in Theorem \6.4\ and F{0) — 0, then 

(i) ^^(E,) CE,L, for 0< c< i; 

(ii) ^^(D„)CD^^, for a>l, w/iereD„ = D„(l,0...,0). 

Proof. Since F(0) = 0, due to Schwarz lemma for free holomorphic functions, we have ||F(X)|| < 
for all X e Consequently, 

k^oc 1 — ||Zfc|| 

which implies 7 :— < Lc, therefore E.^ C E^l- Due to Theorem l6.41 we deduce that i^(Ec) C E^l 

when < c < 

To prove item (ii), let X = (Xi, . . . , X„) G D^, i.e., 

(/ - X,){I - XI) < ^(1 - \\Xf){I XX*). 

Applying Theorem [Ql part (ii), when ^ (1, 0, . . . , 0) and /3 = ^(1 - \\Xf) we deduce that 

[/ - F,{X)][I - F,{X)*] < ^(1 - ||Xf )[/ ~ F(X)^^(X)*]. 
Since \\F{X)\\ < \\X\\, we obtain 

[/ - F,{X)][I F,iX)*] < ^{1 - ||F(X)f )[/ - ^^(X)F(X)*], 
which shows that F{X) E and completes the proof. □ 



7. Pick- Julia theorems for free holomorphic functions with operator-valued 

coefficients 

In this section, we use fractional transforms and a version of the noncommutative Schwarz 's lemma 
to obtain Pick-Julia theorems for free holomorphic functions F with operator-valued coefficients such 
that ll-Flloo < 1 (resp. 5RF > 0). As a consequence, we obtain a Julia type lemma for free holomorphic 
functions with positive real parts. We also provide commutative versions of these results for operator- 
valued multipliers of the Drury-Arveson space. 

Theorem 7.1. Let F : [i?(7i)"]i B{Ti,)(S^minB{£ , Q) be a free holomorphic function with ||-F||oo < 1 
and \\F{0)\\ < 1. If z E B„, then 

^F^,){F{X))^p^,^{F{X))* < $,(X)$,(X)* /e, Xe [i?(7^)"]l, 

where 5'f(2) the fractional transform defined by (|1.6p and $2 is the corresponding free holomorphic 
automorphisms of [B{Ti.)"]i. Moreover, we have 

Dp^^y [I ~ F{X)F{z)*]-'[I - F{X)F{X)*][I ~ F{z)F{X)*]-^Dp^,y 

> A, (I - Xz*)-\I - XX*){I ~ zX*)-^A^ Ig 

for any z G B„ and X G [B(?^)"]i. 
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Proof. Since ||F(0)|| < 1, Corollary [H] implies that \\F{X)\\ < 1 for any X e According to 

Theorem 11.11 and Theorem 11.31 the mapping X i-^ (^_f(z) o F o $2)(X) is a bounded free holomorphic 
function on [-B(H)"]i with ||(^'i.(z) oFo $z)(X)|| < 1 for any X € [-B(H)"]i. On the other hand, since 
we have (^_f(z) o F o $2)(0) = "i/ p(z){F{z)) = 0, we can apply Corollary 14.31 and obtain 

(*;.(2) o F o $2)(r)[(*;.(2) o F o $2)(r)]* < YY* ® /g 

for any Y e Taking Y ^ ^^{X), X e and due to the identity <S>, o = id, we 

obtain 

^f(^,){F{X))-9f^,){F{X)Y < $2(X)$2(X)* X e 

Using now relations p.7p and (|6.ip . we complete the proof. □ 

We remark that under the conditions of Theorem 17.11 one can show, as in the proof of Theorem 16.11 
that there is a free holomorphic function G with operator- valued coefficients and ||G||oo < 1 such that 

^F^,)[F{X)] ^ <f,{x){G o <^,){X), xe[B{nr]i. 

Our Pick- Julia type result for free holomorphic functions with positive real parts is the following. 
Theorem 7.2. If G : [B{H)"]i B{Ti,)<S^minB{£) is a free holomorphic function with SRG > 0, then 
r(z)[/ + G(z)*][G(X) + G(z)*]~i[5RG(X)][G(z) + G{xy]-\l + G(z)]r(z) 

> (1 - ||z||^)(/ - Xz*)-\I - XX*){I - zX*)-^ (g) h 

for any z e B„ and X e where 

nz) ■.= 2{[I + G(z)]-M5RG(z)][/ + G{zr]-'Y'^ ■ 

Proof. According to the considerations preceding Lemma l4.81 since 5RG > 0, the noncommutative Cayley 
transform F := C[G] := (G — /)(/ -I- G)~^ is a bounded free holomorphic function with ||F(X)|| < 1 for 
any X e Due to Theorem O we obtain 

Dpi.r - F{X)F{z)T'[I - F{X)F{Xni - F{z)F{Xr]-' Dp^^y 
> A,{I - Xz*y\l - XX*){I - zX*)-^A^ ^ Ig. 

Note that 

/ - FiX)Fizy ^I-[I + G{X)]-'[GiX) - I] [G(z)* -/][/ + G(z)*]"i 

= [/ + G(X)]-i {[/ + G{X)][I + G(z)*] - [G(A) - I][G{zy - I]} [I + G{z)T^ 
= 2[I + G(X)]-i[G(X) + G(z)*][/ + G(z)*]-i 

and, similarly, 

/ - F{x)F{xy = 2[i + G{x)]-^[G{x) + G{xy][i + G{xy]-^ 

for any X e [_B(?i)"]i and z £ B„. Using these identities, we deduce that 
[/ - F{X)F{zy]-^[I - F{X)F{Xy][I - F{z)F{Xy]-^ 

= i[/ + G(z)*][G(X) + G(z)*]-M/ + G{X)] 

X 2[I + G{X)r^[G{X) + G{xy][I + G(X)*]-i 

X i [/ + G{xy] [G{z) + G{xy]-^[I + G{z)] 

= i[/ + G(z)*][G(X) + G(z)*]-MG(X) + G{xy][Giz) + Gixy]-'[I + G{z)]. 

Now, since 

Dp^^y = [I- = [2[I + Gizr'[G{z) + G(z)*] [/ + G(z)*]-i] 

= 2[[I + Giz)]-'[m{z)][I + Gizy]-'Y^' 
the inequality ()7.ip implies the inequality of the theorem. The proof is complete. □ 
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The next result is a Julia type lemma for free holomorphic functions with scalar coefficients and positive 
real parts. 

Theorem 7.3. Let G : B{n) be a free holomorphic function with 5RG > 0. Let {zk}^^i C B„ 

be a sequence such that limfc^oo Zk = ^ 9B„, limfe_>oo |G(zfe)| = oo, and such that 

Then M > and 

5RG(X) > ^(/ - xc)-\i - xx*)ii - ^x*)-' 

for any X G [B{n)"]i. 

Proof. According to Theorem [721 when £ = C, we have 

, _ 2[SRG(z,)]V^ 
|l + G(z.)| 

and 

A[mizk)][G{x) + G{zk)T^[mix)][G{zk) + G{xy]-' 

> (f - ll.fef )(/ - Xzl)-\I - XX*){I - z,X*)-\ 

Hence, we obtain 



(7-2) n„i|2;ir;, ,|2 ^gW > T7Tr^\G{X) + G(z,)1A(fc)[G(zfe) + G(X)1, 



(f-||..P)|G(z,)P ^ |G(zfe) 
where A{k) := {I - - XX*){I - ZkX*)-'^ . Taking X = in inequality JT^l), we obtain 



-TS^r^^G(O) > ^.7^[G(0) + G(zfc)*][G(zfc) + G(0)* 



whence 



(f-||zfc||2)|G(zfc)l' ^^-|G(2,)p 

-^[G(0) + G(z,)1[5ftG(0rMG(zfe) + G(0)*] < ^-^^Jf^,^/. 



[KG(0)]-i < ,lim ^—^^^4^/ = Af/. 



|G(zfe)|2^ ' ' ■ " ' ' ' ' ' - {1 - \\z4l)\G{zk)\ 

Since limfc^oo |G(zfe)| = oo and taking the limit in the latter inequality, we obtain 

^Gjzk) 
k^'^il-WzkWDlGizk)] 
Consequently, we have M > 0. 

Now, due to inequality l|7.2p and the fact that 

J™ ^^7^[^(^) + G{zkr]A{k)[G{zk) + GiX)*] 

fe^oo \G{Zk)\'' 

= hm Aik) = {I~ XC)-\I - XX*){I ~ ^X*)-\ 

k — >oo 

we deduce that 

umGix) > {I - xcy^ii - XX*){I - ^x*)-^ 

for any X G which completes the proof. □ 

We recall (see ^7\, [39], IH]) that if F is a contractive (||-F||oo < 1) free holomorphic function with 
coefficients in B{£), then its boundary function is in F^®B{£). Consequently, the evaluation map 
B„ 9 z F{z) G B{£) is a contractive operator-valued multiplier of the Drury-Arveson space ([13], [3]), 
and any such a contractive multiplier has this type of representation. 

Corollary 7.4. The following statements hold. 
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(i) IfF : [SCH)"]! B{'H)®minB{e) is a free holomorphic function with \\F\\oo < 1 and \\F{0)\\ < 1 
then 

[I - F{z)F{w)*][I - F{w)F{w)*]-^[I - F{w)F{z)*] 
|(l-Kz}|2 



< 



-[I ~ Fiz)Fizn 



(l-||zP)(l-||^«||2)' 
for any z,w ^ IB„. 

(ii) If G : [-B(7i)"]i ^ B{TC)®minB{£) is a free holomorphic function with KG > 0, then 
[G{z) + G{wrWGi^)]-'[Giw) + G(z)*] < ^^^^-^^^L^^^iz) 
for any z,w E ]B„. 

Proof. Taking X = w E ]B„ in Theorem 17. ![ we deduce that 

[/ - F{w)F{zy]-^[I - F{w)F{w)*][I - F{z)F{w)*]-^ 

, (i-Ml)(i-IHIl) ,,_^„,-. 

|1 - {w,z) \^ 

for any z,w G B„. We recall that if A, B are two positive invertible operator such that A < B then 
B^^ < A^^. Applying this result to the inequality above, we complete the proof of item (i). 
To prove part (ii), take X = it; € B„ in Theorem 17.21 We obtain 

[/ + G(z)*][G(w) + G{zy]-^[m{w)][G{z) + GH*]-i[/ + G(z)] 



> 



-[/ + G(z)*][KG(z)]-^[/ + G(z)] 



4|1 - {w,z) |2 

Multiplying to the left by [/ + G{z)*]^^ and to the right by [/ + G(z)]^^, and passing to inverses, as 
above, we obtain the desired inequality. The proof is complete. □ 



8. LiNDELOF INEQUALITY AND SHARPENED FORMS OF THE NONCOMMUTATIVE VON NEUMANN 

INEQUALITY 

In this section, we provide a noncommutative generalization of a classical inequality due to Lindelof, 
which turns out to be sharper then the noncommutative von Neumann inequality. 

Theorem 8.1. If F : [_B(7i)"]i ^ [B{'H)"^]i is a free holomorphic function, then 

i + ||x||||no)||' ^^[^(^) 

If in addition, the boundary function of F has its entries in the noncommutative disc algebra An, then 
the inequality above can be extended to any X G [B{Ti.)"]^ . 

Proof. First, we consider the case when ||F(0)1| < 1. Using the first inequality of Corollary 16. 2|, in the 
particular case when a = 0, we obtain 

A^,(o)[/ - F{X)F{0r]-'[I - F{X)F{Xr][I - F{0)F{Xr]-' Ap^o) >I~XX*. 
Hence, we deduce that 

(8.1) / - F{X)F{Xr > ^-^^^^[I F{X)Fm[I F{Q)F{Xn 

On the other hand, since ||i^(0)|| < 1, the operator / — F{X)F{Q)* is invertible and 

- F{x)Fm-'\\ < 1 + iiF(x)iiii^^(o)ii + \\F{x)r\\Fio)r +■■ 

1 



i-iiF(x)iiii^^(o)ir 
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Similarly, we have ||[/ - F{0)F{X)*]~^\\ < i^y^ (x")||||F(o)j| ^^'^ deduce that 

[/ - F(0)F(X)*]-i[/ - FiX)FiOr]-' <\\[I- FiO)F{Xr]-'\\\\[I F{X)Fm-'\\I 

- (1-||F(X)||||F(0)||)2^- 

Hence, we obtain 

[I - F{X)Fm[I - F{Q)F{Xr] > (1- ||^^(X)||||F(0)||)^/, 
which combined with inequality (18. ip . leads to 

F{X)FiXr < (^1 - ^^1^(1 - ||F(X)||lj^^(0)||)^) /. 

This inequality implies 

\\FiX)f < 1 - - ||^^(X)||||F(0)||f , 

which is equivalent to 

(1 - ||F(X)f )(1 - \\F{0)r) > (1 - ||Xf )(1 - ||i^(X)||||F(0)||)^ 
Straightforward calculations show that the latter inequality is equivalent to 

{\\FiX)\\ - \\Fmf < \\Xf (I - ||i^(X)||||F(0)||f . 

Hence, we obtain 

||F(X)||-||i^(0)||<||X||-||X||||F(X)|I||^^(0)||, 

which is equivalent to 

1 + ||X||||F(0)||' ^^tW) ]i. 
Now, we consider the case when ||i^(0)|| — 1. Applying our result above to eF, where e G (0, 1), we get 

^"™""^l + e||X||||F(0)|r 

Taking e ^ 0, the result follows. Now, consider the case when the boundary function of F has its entries 
in the noncommutative disc algebra An ■ According to [39] , we have 

F{X) = limF(rXi,...,rX„), X = (Xi, . . . , X„) e [B(Hr]r, 

in the operator norm topology. Applying inequality of this theorem to the free holomorphic function 
X t-^ F{rXi, . . . , rXn) and taking r ^ 1, we complete the proof. □ 



A few remarks are necessary. First, notice that in the particular case when -F(O) = 0, Theorem 18.11 
implies the noncommutative Schwarz type result. We also remark that if ||F(0)|| < 1, then 

11-^11 + Iin0)ll ^ , ^ ^ 

Therefore, the inequality in Theorem 18.11 is sharper than the noncommutative von Neumann inequality, 
which gives only ||F(A)|| < 1, when ||F||oo < 1. 

We recall that if F := {Fi, . . . ,Fm) is a contractive (||F||oo < 1) free holomorphic function, then the 
evaluation map B„ 3 z G is a contractive matrix-valued multiplier of the Drury-Arveson 

space and, moreover, any such a contractive multiplier has this kind of representation. In particular, 
Theorem 18.11 implies that 



\\F(~\\\^. INII + 11-^(0)11 

for any contractive multiplier F : B„ — > B,„ of the Drury-Arveson space. 

We consider now the particular case when m = 1. Here is a sharpened form of the noncommutative 
von Neumann inequality (see [34] ) 
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Corollary 8.2. // / : [i3(7Y)"]i is a nonconstant free holomorphic function with ||/||oo < 1, 

then 

ii/wii < < 1' ^ e [mrh- 

If in addition, f is in the noncommutative disc algebra An, then the left inequality holds for any X G 

Another consequence of Theorem 18. II is the following. 
Corollary 8.3. Let F : [B{H)'"']i [B{H)™']i be a free holomorphic function and let z G B„, then 

II p.^^|| < ||<l>.(X)|| + ||f(z)|| 

where $2 is the free holomorphic automorphism of the noncommutative unit ball [i3(7i)"]i associated 
z G B„. 

Proof. Applying Theorem lS.ll to the free holomorphic function Fo^^ '■ [B(TC)"]i — * [B{'H)"^]i , we obtain 



Taking into account that <i>z(0) = z, $2 o $2 = id, and setting Y = $2(-^), e [-B(7i)"]i, in the 
inequality above, we obtain the desired inequality. □ 



9. PSEUDOHYPERBOLIC METRIC ON THE UNIT BALL OF B{H)" AND AN INVARIANT SCHWARZ-PiCK 

LEMMA 

The pseudohyperbolic distance on the open unit disc D := {z G C : \z\ < 1} of the complex plane is 
defined by 

' z — w 



di{z,w) := 



z,w ^ 



1 — zw 

Some of the basic properties of the pseudohyperbolic distance are the following: 

(i) the pseudohyperbolic distance is invariant under the conformal automorphisms of D, i.e., 

di{(p{z),(p{w)) = di{z,w), z,weD, 

for aU ip G Aut{B): 

(ii) the di -topology induced on the open disc is the usual planar topology; 

(iii) any analytic function / : D ^ B is distance-decreasing, i.e., satisfies 

<di(z,w;), z,weB. 
The analogue of the pseudohyperbolic distance for the open unit ball of C", 

B„ (zi,...,z„) gC" : ||z||2 < 1}, 

is defined by 

dniz,w) = \\-tJj^{w)\\2, Z,WGB„, 

where Tpz is the involutive automorphism of B„ that interchanges and z. This distance has properties 
similar to those of di (see [5T], [58]). 

In what follows, we introduce a pseudohyperbolic metric on the noncommutative ball which 
satisfies properties similar to those of the pseudohyperbolic metric di on the unit disc D and which is a 
noncommutative extension of d„ on the open unit ball of C". In particular, we obtain a Schwarz-Pick 
lemma for free holomorphic functions on [B{TC)"']i with respect to this pseudohyperbolic metric. 
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We recall ([17]) that A, B £ [B{Ti.)"]7 are called Harnack equivalent (and denote A-S B) if and only if 

c 

there exists c > 1 such that 

\Rep{Bi, ...,Bn)< Rcp{Au ■■■,An)< c^Rep{Bi, . . . , B„) 

for any noncommutative polynomial with matrix-valued coefficients p £ C[Xi, . . . , X„] ® Mmxm, m G N, 

such that Rep > 0. The equivalence classes with respect to S are called Harnarck parts of [i3(7i)"]j~. 
We proved that the open unit ball [B{TC)"]i is a distinguished Harnack part of [B{H)"]i , namely, the 
Harnack part of 0. 

Now, let A be a Harnarck part of [i?(7i)"] and define the map d : A x A [0, oo) by setting 
where 

a;(yl,S) := inf |c > 1 : A-sj , A,BeA. 

The first result of this section is the following. 

Theorem 9.1. Let A be a Harnarck part of [i?(7i)"]j~. Then the map d defined by relation (j9.ip has 
the following properties: 

(i) d is a bounded metric on A; 

(ii) for any free holomorphic automorphism $ of the noncommutative unit ball [i3(H)"]i, 

d(x,y) -d($(x),$(x)), x.YeA. 

Proof. According to Lemma 2.1 from [47 , if A is a Harnack part of [B{TL)'^\^ and A,B,C G A, then the 
following properties hold: 

(a) uj{A, B)>1 and uj{A, B) = 1 if and only if A ^ B; 

(b) Lu{A,B)^ujiB,A); 

(c) uj{A,C) <Lu{A,B)uj{B,C). 

Part (c) can be used to show that 

d{A,C) < d{A,B) + d{B,C). 

Indeed, define the function / : [l,oo) [0, cx)) by f{x) := f^^- Since f'{x) — f^^-^^iyi > 0, we deduce 
that / is increasing. Hence, and due to inequality (c), we have 

f{io{A, C))<f{uj{A,BMB,C)). 

Since f{uj{A, C)) = d{A, C), it remains to prove that 

/ {u;{A, B)u{B, C)) < f {u;{A, B)) + / (c.(B, C)) . 

Setting X := w{A, B) and y := uj{B, C), the inequality above is equivalent to 

— 1 ^ — 1 — 1 
2,2^2 ^ 1 — + 1 + 1 

Straightforward calculations reveal that the latter inequality is equivalent to 

(xV-i)(^'-i)(y'-i)>o, 

which holds for any x,y >1. Using (a) and (b), one can deduce that d is a metric. 

Now, we prove part (ii). According to Lemma 2.3 from 47J, if A and B are in [i?(7Y)"]^, c > 1, and 
* e Aut{[B{TLY]i), then A^ B if and only if <^{A)^ ^{B)- Consequently, ii A,B e A, then we deduce 

c c 

that uj{A, B) — (jj($(A), $(i?)), which implies (ii). The proof is complete. □ 
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We introduced in |47j a hyperbolic [Poincare- Bergman [7] type) metric 5 on any Harnack part A of 
by setting 

(9.2) d{A,B) ■.^\iiLu{A,B). 

We will use the properties of S to deduce the following result concerning the pseudohyperbolic distance 
on the open noncommutative ball [B{TC)^]i. 

Theorem 9.2. The pseudohyperbolic metric d : [B{H)"]i x [B{H)'"']i [0, oo) has the following prop- 
erties: 

(i) for anyX,Ye[B{nr],, 

d{X,Y) = tanh 6{X,Y). 

(ii) d|B^xB„ coincides with the pseudohyperbolic distance on B„, i.e., 

d{z,w) = \\lp2{w)\\2, Z,W&Mn, 

where ipz is the involutive automorphism o/B„ that interchanges and z. 

(iii) the A-topology coincides with the norm topology on the open unit ball [B{'H)^]i; 

(iv) for anyX,Ye[B{Hr],, 

._ max{||r|U|r-i||}-i 

^ ' ^- max{||r|U|r-i||} + l' 

where 

T ■.= {CxCy'riCxCy'), Cx := {Ax (E> m - Rx)-\ 
and Rx '= X* (g) i?i + • • ■ + X* (g) i?„ is the reconstruction operator. 

Proof. Part (i) follows from relations (|9.ip and (|9.2[) . Part (ii) follows from part (i) and the fact that, 
according to [47], i5|b„xb„ coincides with the Poincare-Bergman distance on B„, i.e., 

Kz,w) = -\n- , / Nil : z,weB„, 

2 l-\\lpz{w)\\2 

where ■0z is the involutive automorphism of B„ that interchanges and z. 

Since the (5-topology coincides with the norm topology on the open unit ball [_B(?i)"]i, part (i) implies 
(ui). In [17] , we proved that 

5(A,B) In max { II CaC^^ II , ||CsC;^^||} , A.B^ [S(H)"]i, 

where Cx '■= (Ax ® — Rx)^^ and Rx ■— X^ i?i + ■ • • + X* ® i?„ is the reconstruction operator. 
Hence and due to (i), part (iv) follows. □ 

We showed in [47] that if A,B e [B{n)'']~ , then A " B ii and only if rA " rB for any r G [0, 1) 
and sup^g[g j^-j u){rA,rB) < oo. Moreover, in this case, the function r i-^ oj{rA,rB) is ancreasing on [0,1) 

and U!{A,B) = sup^gjQ i-fLo{rA,rB). As a consequence, one can see that if A then the function 

r d{rA, rB) are increasing on [0, 1) and d{A, B) = sup^gjg i) d(rA, rB). 

This result together with Theorem 19.21 can be used to obtain an explicit formula for the pseudohyper- 
bolic metric on any Harnack part of [i?(7i)"]^. 

Now we provide a Schwarz-Pick lemma for free holomorphic functions on [B{Ti)"]i with operator- 
valued coefficients, with respect to the pseudohyperbolic metric. 

Theorem 9.3. Let Fj : [_B(7i)"]i ^ B{H)(^,ninB{£) , j = 1, . . . ,m, be free holomorphic functions with 
coefficients in B{£), and assume that F := (Fi, . . . , F^) is a contractive free holomorphic function. If 

X,Y e [B{n)'"]i, then F{X) " F{Y) and 

d{F{X),F{Y))<d{X,Y), 
where d is the pseudohyperbolic metric defined on the Harnack parts of [B{'H)^Y[ . 
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Proof. According to the proof of Theorem 4.2 from [17], we have F{X) S F{Y) and 

u;{F{X),F{Y)) < uj{X,Y). 

Using the definition (|9.ip and the fact that the function f{x) :— ^ri^ is increasing on the interval [1, oo), 
the result follows. □ 

If F := {Fi, . . . , Fm) is a contractive (||F||co < 1) free holomorphic function with coefficients in B{£), 
then the evaluation map B„ 9 z i-^ F{z) e )(™^ is a contractive operator- valued multiplier of the 
Drury-Arveson space, and any such a contractive multiplier has this type of representation. 

Corollary 9.4. Let F := {Fi , . . . , Fm) be a contractive free holomorphic function with coefficients in 
B{£). Ifz,we B„, then F{z) " F{w) and 

d{F{z),F{w)) < d{z,w). 
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